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One small step for stability, one giant leap
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Boundedness of scalar waves on
Schwarzschild spacetimes

By KATHERINE MEKECHUK

Abstract

This paper gives a detailed proof of the boundedness of the scalar
wave equation on a Schwarzschild spacetime using modern energy
estimates. The first proof of this statement was given by Kay and
Wald in [10] by using Killing vector fields and discrete isometries
of the spacetime. However, since then, new techniques to analyze
vector fields near the event horizon have been developed by Dafermos
and Rodnianski in [4] which has given rise to a new proof strategy.
This new proof, using the red shift effect, has been sketched in many
lecture notes (see [5], [3], and [9]), but many details are left out. This
paper fills in those details and presents the theorem in a self-contained
manner.
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1. Introduction

One of the major types of open problems in general relativity is the
nonlinear stability of various black hole spacetimes. A black hole spacetime
is one that has a complete future null infinity for which the past includes a
regular future boundary. This regular future boundary is called the event
horizon, and the future of the event horizon is the black hole. We can further
define the entire past of null infinity to be the black hole exterior.

The simplest exact solution to the Einstein vacuum equation
(1) Ric(g) =0

that contains a black hole is the one parameter family of Schwarzschild metrics.
These black hole spacetimes are spherically symmetric and static, and each
metric depends on the parameter M which is interpreted as the mass of the
black hole. In local coordinates (t,7, 0, ¢), the metric take the form

-1
2 gu=- (1 — ¥> dt* + (1 — %) dr? + 12 (d92 + sin? 9d¢>2) .
However in these coordinates, a Schwarzschild spacetime has two singularities:
a metric singularity at » = 0 and a coordinate singularity at » = 2M. For this
reason, only when Kruskal showed that the event horizon could be covered
by regular coordinates, did the notion of a “black hole spacetime” become a
formal definition [11]. This allowed for a geometric formulation of the question
of stability. In his paper, Kruskal showed that we can consider new coordinates
that take the form (7, R, 0, ¢) where

T+R
T—-R

T2—R2:( r

oM 1) en/2M and 2M log

-t

In these coordinates and when 72 — R? < 1, a Schwarzschild metric takes the
form

32M3 6—7‘/2M

(3) g= (—dT? + dR?) + r* (d6” + sin® 6 d¢*) .
r

As it turns out, the one parameter family of Schwarzschild metrics is a subfam-

ily of the two-parameter family of Kerr metrics. These metrics are stationary

and axisymmetric and describe stationary rotating black holes. When the
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metrics are also spherically symmetric and static, they are called the Reissner-
Nordstréom metrics, and take the form

(@ 1
2M  Q? 2M  Q*\~
gMQ = — (1 T Q—2> dt2+<1 — == %) dr?+r? (d? + sin® 0 d¢?) .
r r r r
Here, M is interpreted as the black hole mass and @ is interpreted as the
electric charge of the black hole. For more information about the linear

stability of Reissner-Nordstrém metrics, please see [8].

While the nonlinear stability of Kerr metrics is still an open problem, tech-
niques have been developed through the study of simplified versions. This
is exactly the case for uniform boundedness of scalar waves on Schwarzschild
spacetimes—the main theorem of the present paper. The theorem was first
proven in 1986 by Kay and Wald in [10].

THEOREM 1.1. Let (M,g) be a Schwarzschild spacetime and let ¢ be
the smooth solution to the wave equation that satisfies some initial data
f € H}.(Xo0) given on an initial data set (Xo,4,k). Then, there erists a
C > 0 such that for all events p in exterior Schwarzschild region (including the
horizons)

lp(p)| < C.

Their proof uses Killing vector fields and derivative estimates as outlined in
Section 2 of this paper. However, it also relies heavily on discrete isometries
of a Schwarzschild spacetime, making it difficult to generalize their methods
in the nonlinear case. In 2005, Dafermos and Rodnianski developed meth-
ods to study non-Killing vector fields defined by the local redshift effect in
Schwarzschild spacetimes. The redshift effect and surface gravity are discussed
in Section 3. In fact, this construction generalizes Theorem 1.1 and has been
useful for solving other problems in mathematical general relativity. This is
discussed in more detail in Section 5.

The present paper uses the techniques developed by Dafermos and Rodnianski
[4] to prove Kay and Wald’s Theorem 1.1 in Section 4. The proof of this is
outlined in many lecture notes (see [5], [3], and [9]), all of which leave out
important details as exercises to the reader. This paper delves into those
details, using rigorous proof techniques, to make the details accessible to
newer students of the subject.

This paper is meant to be read by an advanced undergraduate student inter-
ested in learning more about general relativity. The ideal student has been
introduced to the theory and has an advanced background in the analysis of
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partial differential equations. More specifically, she should have have knowl-
edge about the following.

(1) With respect to general relativity, the reader is assumed to have studied
Lorentzian geometry. She should know about causal properties and be
able to analyze Penrose diagrams. Furthermore, she should know about
trapped surfaces and black holes, the Penrose incompleteness theorem, and
the Schwarzschild metric. Please refer to the first seven chapters of [1] for
a full introduction to Lorentzian geometry.

(2) With respect to the analysis of partial differential equations, the reader
should have a first year graduate student level background in theory. This
means that she should have already seen the material outlined in the classic
partial differential equations textbook by Evans [6].

2. The Homogeneous Scalar Wave Equation

Theorem 1.1 gives a pointwise bound for solutions of the homogeneous
wave equation on Schwarzschild spacetimes. To understand what this entails,
we will first define this equation on general Lorentzian manifolds. Let (M, g) be
an (n+ 1) dimensional Lorentzian manifold. For a scalar function ¢ : M — R,
the covariant wave operator U, is defined as follows.

Uy := V*Vap = ¢" 0,00 — ¢""'T'},,00p
Moreover, the homogeneous wave equation is
(5) Oy = 0.
With respect to Minkowski spacetime (R*,m) and in coordinates (t,z,y, 2),
this looks like
Ome =070 —Ap=0

where A represents the induced Laplacian of ¢ on R3.

We can view (5) as the Euler-Lagrange equation corresponding to the La-
grangian

1
Llpl = —5v=99"0updve
where g = det(g,,). Furthermore, the corresponding action to this density is

1

Slp] = / Llg] d”w:—§ / " 0 pdyo/—g dx.
M M

On the other hand, we can define the stress energy tensor T#, in terms of the
same Lagrangian:

oL
T, i= By — 0L L.
2(0,0) "%
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Definition 2.1. For a solution to the homogeneous wave equation ¢, the
energy-momentum tensor T, is

1
Tuu [4,0] = guaTau[w] = guaguﬁTaB [‘10] = 6u¢au§0 - iguu(gaﬁaagpaﬁ(ro)'

In fact, for a solution to (5), the energy-momentum tensor is divergence free.
To see this, one can easily derive that

VT = (DgSD)VV‘P~

Thus, if Oy = 0, then V#T,, = 0. We call this property the divergence
identity and it will play a very important roll in later calculations. Before that
discussion, we need to understand another important property of the energy
momentum tensor: the positivity property.

THEOREM 2.2 (Positivity Property). Let X and Y be two future directed
causal vectors. Then,

(6) T, XYY > 0.

Proof. First, note that the coordinate free formula for the energy momen-
tum tensor is

T(A, B) = (A¢)(Bg) — 50(A, B)| Vel

where A and B are two vectors. Now, define a null frame (L, L, e1, e2) such
that

e [, and L are future directed non-collinear null vectors normalizes so that
g(L7L) = _27
e ¢ and ey are spacelike unit vectors orthonormal to L, L, and to each other.

In this frame,

IVol? = g°PVapVsp = —(Lp)(Le) + (e190)* + (e20)?.
Since g(L, L) =0 = g(L, L) it follows that

T(L,L) = (Lp)>>0 and  T(L,L)= (Ly)*>0.

On the other hand, the normalization g(L, L) = —2 allows us to calculate

T(L, L) = (L) L) — 5(-2) (~(L9)(Le) + (e10) + (e20)?)
L

L) (L) — (L) (Ly) + (e19)® + (e20)?

= (e19)? + (e20)* > 0
—T(L, L).

=
=

We can use this to calculate T(X,Y) when X and Y future directed causal
vectors. If this is the case, then there exists some constants a, b, c,d € (0,00)
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such that
X =alL+bL and Y =cL +dL.

This means that
T(X,Y)=T(aL+ bL,cL + dL)
=acT(L,L)+bcT(L,L)+adT(L,L)+bdT(L, L)
= ac (L) + bd (Lp)® + (be + ad) [(e19)® + (ea)?] > 0.
Therefore, T, X*Y" > 0, which proves the positivity property. O

Remark 2.3. Note that this proof shows us that if X and Y are future
directed timelike vectors, then

n
(7) T(X,Y) > ¢ (9ip)*.
i=0
2.1. Associated Energy Identity. In the theory of hyperbolic partial dif-
ferential equations, many times one will need to obtain estimates on solutions
to such equations. This is sometimes done by integral identities. These are

/ Jodcp:/Kodgo
OR R

where R C M is some region and ¢ : M — R is a solution to the Euler-
Lagrange equations associated to some Lagrangian L£. In general, we call

equations of the form

sections J and K the energy current and scalar current, respectively. If
this integral identity holds for all regions R C M and for all solutions ¢
to the Euler-Lagrange equations, then we say that J is compatible with the
Lagrangian £. For more information about the theory of energy currents and
hyperbolic partial differential equations, see [2].

Now in our setting, ¢ is a solution to (5) and we can precisely define the energy
current Jj( and the scalar current KX of the energy-momentum tensor such
that

J,i( [¢] := T/W[SO]XV and KX [p] := (X)WWTW[SO]

where X is a given vector field on M. Here, X) 74 is the deformation tensor
of X. Specifically we have that (X)zi = $(Lxg)w- In fact, we can define K~
in terms of .J j{ . This is called the divergence relation:

8) EX[p] = VA [g].
Note that since (X )WW = 0 when X is Killing, it follows that
VAT ] = K2 [g] = 0.

For this reason, when X is Killing, we call J f a conserved current.
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Let us now suppose further that (M, g) is time ori-

ented (meaning that it is a spacetime). Additionally, i 2+

let R € M be bounded by two homologous com- @
pact spacelike hypersurfaces ¥ and ¥_ that have a A 5
common boundary. Using Stokes’ theorem and the -

divergence relation, we can define the following inte-
gral identity:

/ Ji([go]ngn dVolg|,. :/ KX[p] dVol,
OR R

where nly, is the future directed unit normal on the boundary of R. Since
nlys is timelike (ie. n,n# = —1) and since the unit normal of nf, is past
directed, we get

/8RJX[ Inbr = /2+ JX[ }n2++/2 Jifmn;;

This means we have

9) J X [elnk, / JX e / KXy
o *
Thus if X is a Killing vector field, then

/ Il = JREATE

LEMMA 2.4. Let R C M such that its boundary is X_ and X4, homol-
ogous spacelike hypersurfaces with common boundary. For a timelike vector
field X, there exists a constant Cr > 0 that only depends on R such that

10) el + Inellzm,) < Cr (1ol + Inellze.) -

Remark 2.5. In this lemma, H' denotes the homogeneous Sobolev space.
In the case of p = 2, we denote D¥2(Q) as H*(2). This means that

1
2
H*Q) = {u e L,(Q) | D'u € L*(Q) for |[¢| =k} and lull gy = Z/\DW
|e|=k

For more information about this space and others like it, please see [7].

Proof. Recall that for a spacelike hypersurface ¥ C M, we can define the
following norms for functions f defined on X:

IIfIIﬁl(z:):(/EWfF)l/z and |nf||Lz<z>=(/Z !nf!2>1/2.
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Also, note that for a future directed timelike unit vector n, we can calculate
T(n,n) = (np)* — 59(n,m)| Vil
= (10" — 5(~1) (~(n0)? + |V P)

1 2 1 2
= 5(ne)* + 5 IVel”
This shows us that we can study |V|? and |ny|? by looking at its associated

energy momentum tensor. Luckily, (9) will help us do just that.

To formalize this idea, we will start by defining a foliation of R so that

where ¥y = ¥_ and ¥; = ¥ ;. Furthermore, denote R, = UX,» where 7/ < 7.
Assume that the interiors of ¥, are level sets of smooth functions ¢ = 7 on
the interior of R such that for some constant ¢ > 0, —g(V¢, V) > c¢. Assume
that the interiors of X are level sets of smooth functions ¢ = 7 on the interior
of R such that for some constant ¢ > 0, —g(V¢, Vo) > c.

For a timelike vector field X (to be specified later), applying (9) to the region
R, gives us

|t = [ e = [ KXl

, - Ry
Now, since both X and n are future directed timelike vector fields, the posi-
tivity property tells us that
n
c(z) Y (3ip)? < T(X,n) = I [e]n"
i=0
for some function ¢(z) > 0 that depends continuously on z € ¥. On the other
hand, since KX[p] is defined to be the contraction of the energy momentum
tensor with the deformation tensor, it is a linear combination of the squares of

the first derivatives of ¢. This means that there exists a continuous function
C(x) such that

n

KXl < Cla) Y _(0i0)*.
i=0
But recall that R is compact. So by the Extreme Value Theorem, the contin-
uous functions ¢(X) and C'(X) on R attain maximums and minimums. Thus,
there exists a constant ¢, > 0 dependent on R such that ¢,, < ¢(z), and there
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exists a constant Cjs > 0 dependent on R such that C(z) < Cps. This shows
us that

< O

Cm

IKX[oll < Cu Y (Digp)?
i=0

Jlf{[go]n“ =: C’Jli([go]n“
We can use this inequality to bound fET J /f( [p]n*. Specifically,

_ KX[@]S/ KXl <C | T [eln®
R, . R

Additionally, by the coarea formula, there exists some constant ¢ > 0 depen-
dent on R such that

1
dVolr < —dr dVoly, .
c

Putting these together,

C T
[ e < [T X
R, 0 Ju,.

This means that we have
[ e [ e [T e
Y, ¥ 0 JY «

where C is a positive constant dependent on R. Define a function f such that

fx(e)i= [ e

T

Rewriting (11) and remembering that X_ = ¥, we see

fx(r) < fx(0)+ € /0 " px(r) dr.

The integral form of Gronwall’s inequality tells us that the above inequality
implies that

Fx(m) < fx(0) e
for every 7 € [0,1]. Let 7 = 1, and define Cr = ¢“. Then

(12) fx(1) < Cr fx(0).

Now, observe that when X =n

fulr) = / EALE / Tl = /

This means that (12) states

T

In122 50y + 1631, < Cr (Inel3agssy + 1913 5,)

1 2 1 2 1 2
30 [ 5190 = Simols

1 2
+§H‘PH1§[1(2T)'
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To remove the squares, recall the standard algebraic inequality %(a +0b) <
Va2 + b2 < a+ b where a and b are two positive constants. This means that
1 -
NG (el sy + Inellzaen ) < VECR (1191l g1 sy + 7l l22(20)) -

Finally, define C'r = v/ 20%. Then,

lell s,y + lInellzs) < Cr (el s + lInellzas))

where we remember > = ¥; and Y¥_ = X. O

Now let us return to the situation when (M, g) is a Lorentzian manifold of
dimension n 4+ 1, and R is a compact region. In this consideration, suppose
that R is foliated by level sets ¥, of a smooth function ¢ = 7 such that
0 < ¢ < |V¢| < C. Suppose further that the foliation has a smooth null
boundary C. Geometrically, consider the figure below.

A difficulty in this scenario is that null cones do not come
with a natural volume form nor a natural normal vector.
However, if we choose the normal to be

ng = —0

then one can calculate g|c, to determine the induced .
volume form on C,. Stokes theorem then states

) e [ Mo [ Nleint = [ Kl

The previous equality clearly implies the following inequality.

[ tee [ e - /R KX[y)

So, we can define fx so that
fx(e)i= [ e,
=,
Since we can still show that

[xial< [ [t < c [ ptoa

it follows from Gronwall’s inequality that

f(r) < £(0)e“.

Using the same arguments as before, it’s clear that the following theorem holds.
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THEOREM 2.6. Let R C M such that its boundary is ¥_ and ¥4 (ho-
mologous spacelike hypersurfaces) and Cy, a null hypersurface. For a timelike
vector field X, there exists a constant Cr > 0 that only depends on R such
that

W) el +Inelze, < Cr (Il + Inels ) -

2.2. Well Posedness and Uniqueness. While studying partial differential
equations, questions about uniqueness and well posedness are natural to ask.
It turns out, we can define uniqueness locally and within the domain of depen-
dence for a given spacelike hypersurface. Furthermore, the wave equation on
Lorentzian manifolds is well defined, resulting in well posedness.

COROLLARY 2.7 (Local Uniqueness). Suppose that ¢ and ¢ are two suf-
ficiently regular solutions to (5) such that ¢ = ¢ and np = np on X_. Then,
p=¢inR.

Proof. Define ) = ¢ — ¢. Then, v is a sufficiently regular solution to (5)

such that ¢ = 0 and ny = 0 on X _. Using the same foliation of R as given in
the proof above, the lemma states that for each 7 € [0, 1],

0l sy + Il sy < O (10111 + Il 12 )) = Cr(0) = o0.
Since ‘WHFN(ET) and [|[nv||2(x,) are non-negative numbers, this inequality
implies that

1l s,y =0  and nYl2(s,y) =0
on Y. Now using a Poincaré type inequality, we see that there is some constant
C > 0 such that

(15) [l s,y < C (115, + [l220s)) = C0) = 0.

Recall that 0¥X_ = 0%;. Again, since ||¢| y1(2;) is non-negative, it follows
that ¢ = ¢ and np = ng on X,. Since this holds for every 7 € [0, 1], it holds
in R. (]

THEOREM 2.8 (Uniqueness in the Domain of Dependence). Let (M, g) be
a 4-dimensional spacetime. Suppose that M has an acausal spacelike hypersur-
face ¥ C M without a boundary. Let n be the future direction normal to X. If
v and ¢ are sufficient regular solutions to (5) such that

el =9¢lz  and  npls =ndly
then ¢ = ¢ in D(X) the domain of dependence of X.
Remark 2.9. The domain of dependence of 3 is the collection of points
p € M such that every inextendible causal curve through p also intersects X.

This is exactly the Cauchy development of ¥. As the Cauchy development,
D(Y) is globally hyperbolic and ¥ C D(X) is a Cauchy hypersurface. This
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means that if M is a Schwarzschild spacetime (and thus is globally hyperbolic),
then D(X) = M.

THEOREM 2.10 (Well Posedness). Let (M,g) be a globally hyperbolic
spacetime and let ¥ be a Cauchy hypersurface of M. Suppose that p € H;} (X)
and ¢' € H; Y(X). Then, there exists a unique ¢ such that Oy = 0 in M

loc

and for all spacelike hypersurfaces S C M,

Yls € Hjpo(S) nsls € Hi H(S) Yy =9 nls = ¢

Remark 2.11. This theorem states that given some suitable initial data
about an event in a Schwarzschild spacetime, there exists a unique solution
to the wave equation (condition 1) that is “well behaved” (condition 2) and
determines our initial data (condition 3). We will use the well posedness of the
scalar wave equation as a general fact while proving its uniform boundedness
of the Schwarzschild spacetime.

For the sake of length, the proofs of Theorem 2.8 and Theorem 2.10 are omitted
from the paper. Please see [1] for a further explanation.

3. The Redshift Effect

An important result in mathematical general relativity was the analytic
formalization of the redshift effect. In physics, “redshift” is a term usually
used to discuss the wavelength of light increasing with respect to an observer
while the object emitting the light is moving away. Many people know this
redshift phenomenon as the Doppler effect, but it has many different applica-
tions throughout geometric optics. In fact in the early 2000s, this property
made its way to the mathematical general relativity community, who at the
time was in need of new techniques for studying non-Killing vector fields in
spacetimes. This section will discuss the heuristics of the redshift effect and
then will formalize the redshift dampening effect.

3.1. Global and Local Redshift. Consider the following thought experi-
ment. There are two observers, A and B, near a black hole, and A is closer to
the event horizon than B is. We will consider two different scenarios for the
observers, and each one will lead to a different formalization of the redshift
effect.

Global Redshift. Suppose that A crosses the event horizon and B does not.
Furthermore right before A crosses, she sends a signal of constant frequency
to B. B will receive this signal, but if she measures the frequency of it, she
will find that it has “shifted to the red.” This phenomenon is called the global
redshift effect, and it follows from the fact that the proper time of A before
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crossing the event horizon is finite while the proper time of B is infinite. Its
use in general relativity dates back to Oppenheimer and Snyder when they
studied the appearance of a collapsing star to faraway observers in [12].
Local Redshift. Now, suppose that A crosses the event horizon and so does
B but at a later time. Again, A sends a signal of constant frequency to B.
This time, if B measures the frequency of the signal, she will find that it has
“shifted to the red” by a factor depending exponentially on the difference in
time that A and B crossed the horizon. This exponential factor is called the
surface gravity of the event horizon, and its value determines the local redshift
effect. This is the phenomenon Dafermos and Rodnianski formalize in [4] for
the Schwarzschild spacetime geometry.

Figure 1. The figure on the left represents global redshift while
the figure on the right represents local redshift.

3.2. Redshift in Geometric Optics. In order to formalize the redshift phe-
nomenon, we first need to define the surface gravity of a black hole. This term
will let us calculate the factor of dampening happening locally in the redshift
effect.

THEOREM 3.1 (Surface Gravity). Let (M,g) be a black hole spacetime.
Then, on the future event horizon of M, there exists a constant K > 0 and
vector field T such that

VT = kT.

COROLLARY 3.2 (Redshift Effect). For a light signal sent at t = 0 from
near the future event horizon of M, the frequency of the signal is dampened by
a factor of e ™.

The formalization of these statements was a major breakthrough in the math-
ematical study of general relativity. While they are vital to the construction
of useful vector fields, the proofs are long and out of scope for the length of
this paper. Please read [4] for a detailed discussion.
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4. Proof of Theorem 1.1

Uniform boundedness for solutions to the scalar wave equation are
achieved through the use of Sobolev inequalities for the solution’s energy iden-
tities. Recall the main theorem from Section 1.

THEOREM 1.1. Let (M,g) be a Schwarzschild spacetime and let ¢ be
the smooth solution to the wave equation that satisfies some initial data
f € H}.(Xo) given on an initial data set (Xo,4,k). Then, there ervists a
C > 0 such that for all events p in exterior Schwarzschild region (including the
horizons)

lp(p)| < C.

The proof of this theorem is split into two main steps: pointwise bounds away
from the event horizon and pointwise bounds including the event horizon. The
first steps will use tools outlined in Sections 2 while the latter will require
the non-Killing vector field discussed in Section 3 and a bootstrap argument.
Before looking at these steps, however, we will first study the geometric nature
of the problem.

4.1. Schwarzschild Geometry. Recall from Section 1 that the maximally
extended Schwarzschild metric has Kruskal coordinates (T, R, 0, ¢) and takes
the form

32M3 6—7“/2M

. (—dT? + dR?) + r* (d6? + sin® 0 d¢?) .

g =
Furthermore, since this spacetime is spherically symmetric, SO(3) acts by
isometry. Thus, we can define @ = M /SO(3) and the canonical projection
7 Q@ — R such that the image of Q is compact in R'*!'. This is the
Penrose diagram for the maximally extended Schwarzschild metric.
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In the diagram, Region I is the exterior region, and here {r > 2M ,R > T}.
This region is isometric to (2). Region II is the black hole region where
{r < 2M,T < v1+ R?}. Region III is a parallel universe, or the second
region isometric to (2) where {r > 2M, R > —T'}. Finally, region IV is a white
hole where {r < 2M,T > —/1 + R?}.

While the parallel universe and white hole regions sound like science fiction, it
is important to note that they arise from the assumption that the spacetime is
spherically symmetric. If we wish to generalize our methods to non spherically
symmetric spacetimes, then we need to find a way to not include these regions.
To do so, consider a different extended Schwarzschild coordinate system: one
that covers Regions I and II separately from Regions III and IV. This is called
the Lemaitre coordinate system, and Regions III and IV are interpreted as
being the time reversal of Regions I and II.

Let (t,r,0,¢) denote the standard Schwarzschild coordinates. Consider the
change in coordinates where
t* =t +2M log(r —2M).
Then, on r > 2M the metric in coordinates (t*,r,0, ¢) takes the form
(16)

2M AM 2M
g=— (1 — 7) (dt*)* + — —dt*dr + (1 + 7) dr® +r? (d6® + sin® 0 d¢?) .

From this equation, we can calculate

B 2M oM L 2M B
gtxtx = — 1- T Gtxr = r Grr = 1+ r gAB = gAB
. 2M * 2M 2M
gtt:_<1+7> gtT: ;. grrzl_r gAB:gAB

The remaining metric components are zero. Additionally, we can express the
covariant wave operator in this metric as

Vif
f

It’s important to note that this coordinate system is well behaved when
r > 2M and it is isometric to Kruskal coordinates in Regions I and II. We will
use these coordinates in the theorem, but we need to understand why we can

) 2M
Vip + Ap where f=\1-—
T

1
(17) gy = —ﬁaﬁ% +

restrict our analysis to Regions I and II.

First, the Schwarzschild spacetime M is spherically symmetric and ¥g is a
Cauchy hypersurface, so we can assume that Y is also spherically symmetric.
Additionally, observe that in the figure above, future null infinity Z contains
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two disjoint regions: the future null infinity of Region I, Z;", and the future
null infinity of Region III, IEI. This is also true for the past null infinity. This
means that without loss of generality we can limit ourselves to the region

D = clos(J (Z; )N JH(Z;))

since one local Schwarzschild metric (2) covers this region. Since we will only
refer to Region I for the remainder of the discussion, we will drop the subscript
notation. However, if clarification is needed, it will be noted again. Since
evolution of the wave equation is symmetric in time, we may also assume that
>0 does not intersect the past event horizon H~. Recall that the past event
horizon is defined to be the past boundary of the future of the past null infinity.

We can further our limitations more. The wave equation is symmetric in time,
so we can focus our study of the behavior of ¢ to R := J~(ZT)NJT(Zy). Recall
that the chronological past is bounded by the speed of light. Thus, the domain
of dependence for this region is ¥y N D, and ¢ is determined by f|s,np. For
this reason, it will suffice to prove the theorem assuming that ¥ is completely
contained in exterior region and black hole region of the spacetime. Thus, we
can use Lemaitre coordinates for our spacetime. The above reasoning means
that we can consider the following figure.

P i"'

Observe that we can equivalently define R = {t* > 0,r > 2M}. Let T = 0.
Since T is Killing, K [¢] = 0. Additionally, define

t*r
_ o tF T t* o tRtx r__ 9
n=n" 0y +n"0, where nt =+/—g and n" = \/W

This is a unit vector field. To see this, observe that

g(n,n) = gunhn’ = gy (nt*)2 + Qgt*Tnt*nT + gm«(nr)2

AM?  8M?  4M?

=1+ P2 2 + )
= 1.
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Now, we can calculate

g(T,n) = g(T,n" T 4+ n"d,)
=n"g(T,T) +n"g(T,d,)

t*< 2M> T(QM)
=n" |-14+4—)+n" | —
r r

=—n —i—¥ (nt* +n )

2M  2M 2M 2M /r
=—\1+—+— {1+ — - ———=—
T T r V1+2M/r

oM —1/2
= - <1+ )

T
If we let f =1+ (2M/r), then we can further calculate

(18)
Jg[w]n“ =T(T,n)

= (T¢) (0" T+ 0" R)p) — So(T,m)| Vil

/
_\/>(9t* +W(at «Op)(p) + 2\/>\Vg0]2
1

-5 (VI @er + 2 0o + 1v4P)
1

= Nﬁ (1 + Qi\/[) (O p)” + <1 - 25%) (Orp)® + !W@lQI

Since T is a time translation Killing field, we can define ¢, to be the local
flow of T. We assume that the hypersurface Xy is the level set {t* = 0} of ¢,.
Since Schwarzschild spacetimes are globally hyperbolic, we can define spacelike
hypersurfaces 3, foliating R as the pushforward of 3:

R =] ¢-(Z0).

720

Additionally, T is timelike in R\H™ and it is lightlike on H™, making it a
Killing horizon. Recall from Section 3 the black hole has surface gravity k:
specifically on Ht = {r = 2M},

K=—— and VT = kT when T = Opx.



18 KATHERINE MEKECHUK

4.2. Pointwise Bounds away from the Hori-
zon. We want to use Theorem 2.6, but it

only holds when J? is non-degenerate. The
calculation in (18) shows us that this hap-
pens exactly at r = 2M. So, we will first

prove Theorem 1.1 for hypersurfaces that
are sufficiently disjoint from the event hori-
zon. To construct these hypersurfaces, first let
Sy = {t* = 7} n{r = 2M} as the boundary of
>

I 3

Note that S; is compact and that each 3, is asymptopically flat. This means
that there exists a compact K, = {r < R} N %, for R large such that ¥\ K,
is covered globally by Euclidean coordinates. Let € > 0, and denote

Bj =%YoN{r <2M +¢}

to be an € neighborhood of Sy. Define ¥ := ¥\ Bj. Then,
£5 = 6.(55) = (' =7} N {r > 2M 1 <},

it

PROPOSITION 4.1 (Degenerate Energy Bounds). For all e > 0 there exists
Ce > 0 that only depends on € such that for all T and for all solutions ¢ of the

homogeneous wave equation

(19) Sup o] < Ce.

Proof. Consider R% C R such that

RE = O S,
t*=0
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Then, (RE) = X2 U C; U XS where Cr = {r = 2M +¢,0 < t* < 7}. Further-
more, T is Killing on RS. This means that K7 = 0 and (13) states

(20) L e+ [ afieme, = [ i,

Since T and each normal vector are all timelike on RZ, it follows from the
positivity property that there is a constant ¢ > 0 such that

T eln > ¢ ((0-9)” + (0rp)” + 1V 0l?) .
On the other hand, (20)

L et < [ e,

Putting these two inequalities together, it follows that
(21)

el sy = [ (@ + @+ 96) < | TTlelnt, < Cafe)

3o

In the above, the last inequality holds since ¢ € H|" (¥Xg) for a sufficiently
large m. The value of C(g) only depends on ¢ since the integral is uniformly
bounded and c. depends only on €.

We also know that the function T also satisfies the homogeneous wave equa-
tion, meaning that Oy(Ty) = 0, since T is Killing. Note that (21) holds for
any solution to the homogeneous wave equation, so it follows that

@) ITels, = [ (B0 + .00 + [90-6) < Ca(o)

-

Recall that in a Schwarzschild spacetime, we can write the covariant wave
operator as

Oy = e at* @+ }f Vip+ Ao where f=\1——.

Since Lgp = 0, it follows that
Vif
f

Furthermore, since r > 2M + ¢, f is uniformly bounded. This means that
there exists two constants D7 > 0 and Dy > 0 such that

A0l 22y < Dy Hat*QSOHLz(Ei) + D2|IVellr2(se)-
Using (21) and (22) we can further bound
||ASDHL2(E§) < Dng(&?) + DQCl(E) =: Cg(E).

Ap = 8t p— ——V'p.
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By the homogeneous Sobolev embedding theorem, there exists a constant D3 >
0 such that for each event p € X2

lo(D)| < @l sy < D3 (IVellrzse) + V0l r2(sz))
< Dy (IIVel3ame) + V20l se) )

< Dy (C1(e) + 106203 se ) + 1Al 2ose) )
< Dy (Ci(e) + Ca(e) + C3(¢)) =: C.

Note that the second inequality follows from Young’s inequality while the re-
maining inequalities follow from (21) and (22). This proves our theorem. [J

4.3. Pointwise Bounds including the Horizon. 1f we let ¢ — 0 then X2 —
Y. However, as we noted before, there is a degeneracy in the energy current
at r = 2M. Previously, we went around this by considering RZ, a region
sufficiently disjoint from the event horizon. We now want to consider regions
that include the event horizon. To do this, we need to construct a well behaved
energy current of a non-Killing vector field. This is done through the use of
the local redshift effect discussed in Section 3.

PRrROPOSITION 4.2 (Local Redshift Vector Field). There exists a vector
field N such that

(1) (¢7)«N = N (meaning N is t* independent)
) N is future directed timelike
) N =T on Xo\B for some compact B

(2
(3
(4) there exists an € > 0 and C > 0 such that on £.\X%
(23) EN[p] > CIN[g]N

Proof. To prove this proposition, we will first prove that there exists a
timelike vector field Ny along ¥0\¥3° such that (23) holds. Then, we will
extend this vector field so that the proposition holds.

To construct such an Ny, consider T" along Sy. Recall that T' = 0y« is null here.
Now, consider another null vector field

Yo = 20 — 20,
along Sg. This is in fact null since
g(}/ﬂv }/0) =4 (gt*t* — 2gpt+ + grr) = 4(0) = 0.

Furthermore, observe the following computation.

2M 2M
o1, Vo) = 2900, 90e) — 20(01,0) =2 (14 220 ) 9 (2 =
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Now, we want to extend Yy off of the horizon to Y such that for some large
o> 0,
VyY =—0c(T+Y) onSp.

To do this, consider
2M 2M

ki =1+3Mo and ke =2—-2Mo.

We now define Nj as follows.
2M 2M
N() :T+Y: <3+k1 (1—T>>8t* + (-2—’-]?2 (1_7’)>8T

We will now show that on ¥\ ¥2¢ there exists some constant C' > 0 such that
KN[p] > CIN (] Ny,

First note that since 7' is Killing, K [¢] = 0. So, K™[¢] = K [¢]. Second
observe that

JNo[0] Ny = T(No, No) = T(T,T) + 2T(T,Y) + T(Y,Y).

Second, since T is Killing, KT [¢] = 0. So, KNo[p] = KY[p]. Recall that
KY[p] = )7, T, and in local coordinates note that we can write

M. =DuX, + D,X,.

where

This allows us to preform the following calculation.
K [p] = M, T
= M TV 4 2, T 4 Ve e
* g% 4Mk * 4Mk *
:(O)Ttt+ 21Ttr+ QQTtT
r r
— lad (klv]rt*r + kQTTT)
r

> % (T(Y,Y )k + T(T, Y )o + T(T, T)o)

> CJ™N () No

We will now extend Np. Let x be the cutoff function such that in X§\X3°,
x = 1, and elsewhere xy = 0. Then, since Z7 is convex, define a future timelike
vector field Ny such that

No = xNo + (1 — X)T

By definition, Ny satisfies (23) on $o\¥5. Define N = ¢,(Np) to be the
pushforward of Ny along integral curves of T'. Clearly, N satisfies the conditions
of the proposition. O
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Proof of Theorem 1.1. Let 0 < 19 < 71 < 7. Denote ¥, = X(7). Consider
the regions

1
R(10,71) = U S(t") and H(ro,m1) =H N {rp <t* <7}

t*=10

Then for the region defined to the right, (13) states

(24) / IV gl + / TNl + / KVg] = / TNl
H(70,71) 3(71) R(10,71) 3(70)

Recall that we can split R (7, 71) into

T1

R(ro,m) = | J (EN\=°(t) u | =)

t*=1g t*=10o

Denote B#(79, 1) as the first union and R*(7p, 71) as the second union. Then
we can expand the integral over the interior region as

I N R I R e
'R(T(),T1) BE(T(),Tl) RE(T(),Tl)

Combining the integral identities (24) and (25) gives us

[ e [ N[ kY= [ Vel [ &)
H(T(],Tl) E(Tl) BE(T[),T1) Z(To) RE(To,Tl)

Since the energy current is non-negative

o) [ e+ [ KN [ el
E(Tl) BE(To,Tl) E(To) RE(T(],T]_)

Recall that the coarea formula states that for a real valued Lipschitz function
u: R” — R and domain 2 C R”

1= [ Hawio)

KN
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where H,_; is the (n — 1)-dimensional Hausdorff measure. Applied to the
energy currents of N, we have

(27) / Nyl —/ / eln dt*dr
BE(To,Tl) E(t*

Then, by Proposition 4.2 there exists a vector field IV such that for some C; > 0

cl/ / eln dt* dT</ KNy,
€ t* BE(To,Tl)

We can further bound this term from below by considering

(28) —Cl/ / oln dt*dr < Cl/ / ln dt*dr.
t* 5 t*

On the other hand, specifically on the complement of B(y,71), we have

T1
/ KN[@]‘ Scl/ (/ JN[SO]n)-
RE(10,71) 0 e (t*)

Since N = T on ¢ (0) for some &’ > 0, we have

/ IV (p)n < 02/ Jeln < / JEeln =: D.
() (1) %(0)

Note that the last inequality follows from analysis done in the proof of Propo-

sition 4.1. So, putting all the above together, we derive

(20) /
R#(70,711)
Combining (26), (28), and (29) gives us

(30) / n—C’l/ / o|n dt* d7'</ JNpn + Cs.
2(7’1 t* E('7'0)

Now define the function f by the following.

= N n.
f(r) = /Z IRA%

This means we can rewrite (

KN[(,O]‘ S 0102(7'1 — TQ)D = Cg

30)
T1
f) =G [ 1) < flm) + G
0
Simple rearranging leads to

(31) fo) < )+ G+ G [ )
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Notice that (31) holds for all 0 < 79 < 71 < 7. So, we can take 79 = 0 and
71 = 7. Then,

(32) F(r) < F(0) + Cs + € /O ")

By Gronwall’s inequality
f(r) < F(0)eT.

Using the same argument as in Section 2, it follows that

33) el + el < Cs (el + el ) -

for some constant C5 > 0 independent of 7.

Recall that the Schwarzschild metric is spherically symmetric and asymptot-
ically flat. This means that every hypersurface is also spherically symmetric
and asymptotically flat. So by using a localized Sobolev embedding, we can
find a constant Cg > 0 such that for every p € R and every 7 > 0

(34) sup lp(0)| < Co (Il 25 + 12l )
Combining (33) and (34), we end up finding a constant C' > 0 such that
sp lp(0)| < 1 (II¢llin sy + IInllizm) < C:

The last inequality holds since, similar to the analysis for hypersurfaces sepa-
rate from the event horizon, both of these norms are bounded by a constant
depending only on the initial data set. O

5. Conclusion

As mentioned in Section 1, there is a natural generalization of Theorem
1.1. This was the theorem of focus in Dafermos and Rodnianski’s original
paper [4] where they formalized the local redshift effect. Their paper proves
the following theorem.

THEOREM 5.1 (Dafermos-Rodniaski, 2008). Let ¢ be a sufficiently reqular

solution to the wave equation
Og¢ =0

on the (mazimally extended) Schwarzschild spacetime (M, g), decaying suitably
at spatial infinity on an arbitrary complete asymptotically flat Cauchy surface
Y. Fixz hindered and advanced Eddington-Finkelstein coordinates u and v on
one of the exterior regions. For any achronal hypersurface S in the closure of
this region, let F(S) denote the flux of energy through S, where energy is here
measured with respect to the timelike Killing vector field. Let vy = max{v, 1},
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uy = max{u, 1}, and v4(S) = max{infsv,1}, us(S) = max{infsu,1}. We
have
F(S) < O ((v4(8) 72 + (us(8)7?) -
(We also allow S to be a subset of null infinity, interpreted in the obvious
limiting sense.) In addition, we have the pointwise decay rates
6 < Clvs) ™! in T @NNIHT)
lre] < Cp(l+ )72 in {r< R< 2M} N JT(E).

Although this result is still cited in present literature, 2008 was a long time
ago, and there have been many advances to our understanding of stability
in different black hole spacetimes. With respect to Schwarzschild spacetimes,
linear stability was proven in Dafermos, Holzegel, and Rodnianski in 2016 (see
[?]). This was an interim result between our Theorem 1.1 and the general
nonlinear case. The general nonlinear case was solved in 2021 by Dafermos,
Holzegel, Rodnianski, and Taylor when they proved the nonlinear asymptotic
stability of solutions to the Einstein vacuum equation in the exterior region
of the black hole (see [?]). They showed that generic vacuum initial data
(meaning no assumed symmetry) sufficiently close to Schwarzschild data evolve
to a vacuum spacetime that has the following properties:

(1) Tt possesses a complete future null infinity Z*. The past of the future null
infinity J~(Z*) is bounded by a regular future complete event horizon H™.

(2) It remains close to Schwarzschild in the exterior region to the black hole.

(3) It asymptotically approaches a member of the Schwarzschild family as (an
appropriate notion of) time goes to infinity.

The general nonlinear stability of Kerr spacetimes remains conjectured. How-
ever, Giorgi, Klainerman, and Szeftel proved nonlinear stability for small angu-
lar momentum in 2022 (see [?] and [?]). These proofs relied on the construction
of the general covariant modulation (GCM) procedure which constructs a dy-
namical center of mass frame of the final state. An outline of this procedure
can be found in Section 3 of [?]. Most recently, Fang, Giorgi, and Wan have
developed a modification and extension of the GCM procedure in [?]. This
extension is applicable to solutions of a broad class of matter models, such
as the Kerr-Newman spacetimes which describe the geometry of rotating and
electrically charged black holes. Current research is focused on proving the
nonlinear stability of these spacetimes.

CONJECTURE 5.2. (Nonlinear Stability of Kerr-Newman Spacetimes)
Electrovacuum initial data sufficiently close to Kerr-Newman initial data have
a mazximal development with a complete future null infinity and a domain of
outer communication which globally approaches a nearby Kerr-Newman solu-
tion.
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