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$%675$&7� ;�UD\ DEVRUSWLRQ VSHFWURVFRS\ �;$6� LV DQ H[SHULPHQWDO WHFKQLTXH XVHG WR SUREH WKH DWRPLF
SURSHUWLHV RI PDWHULDOV� ;$6 PHDVXUHPHQWV SHUIRUPHG LQ IOXRUHVFHQFH PRGH DUH VXEMHFW WR VR�FDOOHG
³VHOI�DEVRUSWLRQ´ GLVWRUWLRQ� HVSHFLDOO\ ZKHQ WKH VDPSOH XQGHU LQYHVWLJDWLRQ LV WKLFN RU FRQFHQWUDWHG ZLWK UHVSHFW WR
WKH DWRP RI LQWHUHVW� +HUH ZH LQYHVWLJDWH WKH EHKDYLRU RI VHOI�DEVRUSWLRQ DQG SUHVHQW VHYHUDO VXJJHVWLRQV WR DYRLG DQG
PDQDJH VHOI�DEVRUSWLRQ WKURXJK H[SHULPHQWDO GHVLJQ� 3DUWLFXODUO\� ZH ILQG WKDW LW LV HDVLHU WR FRUUHFW IRU YHU\ WKLFN
VDPSOHV WKDQ IRU VDPSOHV RI LQWHUPHGLDWH WKLFNQHVV� 6HOI�DEVRUSWLRQ GLVWRUWLRQ QHFHVVLWDWHV D FRUUHFWLRQ RI WKH
PHDVXUHG VSHFWUXP GXULQJ GDWD SURFHVVLQJ� :H SUHVHQW D WHFKQLTXH IRU FRUUHFWLQJ VHOI�DEVRUEHG VSHFWUD LQ WKH
;$1(6 UHJLRQ WKDW LV HIIHFWLYH IRU DOO VDPSOH WKLFNQHVVHV DQG H[SHULPHQWDO JHRPHWULHV�

,1752'8&7,21
;�UD\ DEVRUSWLRQ VSHFWURVFRS\ �;$6� LV D SRSXODU

WHFKQLTXH XVHG WR LQYHVWLJDWH WKH DWRPLF SURSHUWLHV RI
PDWHULDOV� ;$6 VSHFWUD LQGLFDWH WKH DEVRUSWLRQ FRHIIL�
FLHQW� µe�(�� RI D SDUWLFXODU HOHPHQW DQG HGJH DV D IXQF�
WLRQ RI WKH HQHUJ\ RI WKH LQFLGHQW ;�UD\� 7KH VWUXFWXUH
RI WKHVH VSHFWUD UHYHDO HOHFWURQLF DQG JHRPHWULF SURSHU�
WLHV RI D SDUWLFXODU HOHPHQW ZLWKLQ D VDPSOH� ;$6 VSHF�
WUD PD\ EH GLYLGHG LQWR WZR SULPDU\ UHJLRQV� ;�UD\ DE�
VRUSWLRQ QHDU�HGJH VWUXFWXUH �;$1(6�� ZKLFK SURYLGHV
SULPDULO\ HOHFWURQLF LQIRUPDWLRQ (H�J� R[LGDWLRQ VWDWH)�
DQG ;�UD\ DEVRUSWLRQ ILQH VWUXFWXUH �;$)6�� ZKLFK SUR�
YLGHV SULPDULO\ JHRPHWULF LQIRUPDWLRQ (H�J� FRRUGLQD�
WLRQ QXPEHU)�

;$6 PHDVXUHPHQWV DUH IUHTXHQWO\ WDNHQ LQ WUDQV�
PLVVLRQ PRGH� LQ ZKLFK RQH FRPSDUHV WKH WUDQVPLWWHG
LQWHQVLW\ DQG LQLWLDO LQWHQVLW\ RI WKH ;�UD\ EHDP WR GH�
ULYH WKH DEVRUSWLRQ FRHIILFLHQW RI WKH VDPSOH RI LQWHUHVW
µe�(�� DFFRUGLQJ WR WKH UHODWLRQVKLS µt�(�  −T OQ( I0I )�
ZKHUH 7 LV WKH VDPSOH WKLFNQHVV� I0 LV WKH LQLWLDO ;�UD\
LQWHQVLW\� I LV WKH LQWHQVLW\ RI WKH ;�UD\ DIWHU WUDYHOLQJ
WKURXJK WKH PDWHULDO� DQG µt�(� LV WKH WRWDO DEVRUSWLRQ
FRHIILFLHQW RI WKH VDPSOH� 7KH EDFNJURXQG FRPSRQHQW
RI µt�(�� µb(E)� ZKLFK LV WKH DEVRUSWLRQ FRHIILFLHQW GXH
WR HOHPHQWV DQG HGJHV RWKHU WKDQ WKH RQH RI LQWHUHVW� LV
VXEWUDFWHG IURP µt�(� WR \LHOG µe�(�� µe�(� LV WKHQ GL�
YLGHG E\ µe0+ ≡µe(E0+�� ZKHUH E0+ LV DQ HQHUJ\ MXVW

DERYH WKH HGJH� WR REWDLQ µn�(�� WKH QRUPDOL]HG YHUVLRQ
RI µe(E)�

7UDQVPLVVLRQ PRGH PHDVXUHPHQWV UHTXLUH WKDW WKH
VDPSOH DEVRUE D VLJQLILFDQW SRUWLRQ RI WKH LQWHQVLW\ RI
WKH LQFLGHQW ;�UD\ DQG WKXV WKDW WKH VDPSOH EH VXIIL�
FLHQWO\ WKLFN (ODUJH 7) RU RSWLFDOO\ FRQFHQWUDWHG (ODUJH
µt(E)) >�@� $QRWKHU FRPPRQ ;$6 WHFKQLTXH ZKLFK
GRHV QRW UHTXLUH WKHVH FRQGLWLRQV LV IOXRUHVFHQFH PRGH�
,Q IOXRUHVFHQFH PRGH� RQH PHDVXUHV WKH IOXRUHVFHQFH
HPLWWHG IURP WKH VDPSOH DV D UHVXOW RI WKH DEVRUSWLRQ
RI LQFLGHQW ;�UD\ SKRWRQV WR LQIHU µt�(�� )OXRUHVFHQFH
PHDVXUHPHQWV� XQOLNH WUDQVPLVVLRQ PHDVXUHPHQWV� FDQ
EH WDNHQ IURP PRUH WKLQ DQG RSWLFDOO\ GLOXWH VDPSOHV�
,Q IOXRUHVFHQFH PRGH� WKHUH LV D OLQHDU UHODWLRQVKLS EH�
WZHHQ WKH UDWLR RI WKH PHDVXUHG IOXRUHVFHQFH LQWHQVLW\
WR WKH LQFLGHQW ;�UD\ LQWHQVLW\ DQG WKH DEVRUSWLRQ FRHI�
ILFLHQW RI WKH WDUJHW HOHPHQW DQG HGJH� (If/I0)(E) ∝
µe(E)� +RZHYHU� WKLV RQO\ KROGV ZKHQ WKH VDPSOH XQ�
GHU LQYHVWLJDWLRQ LV VXIILFLHQWO\ WKLQ RU GLOXWH ZLWK UH�
VSHFW WR WKH HOHPHQW RI LQWHUHVW� )RU WKLFNHU DQG PRUH
FRQFHQWUDWHG VDPSOHV� WKHUH LV D QRQOLQHDU UHODWLRQVKLS
EHWZHHQ WKH IOXRUHVFHQFH If

I0
(E) DQG DEVRUSWLRQ µe(E)

VSHFWUD� DQG WKHLU VWUXFWXUHV GLIIHU DV D UHVXOW� 7KH YDUL�
DWLRQ EHWZHHQ WKH IOXRUHVFHQFH DQG DEVRUSWLRQ VSHFWUD
WKDW RFFXUV IRU VXIILFLHQWO\ WKLFN VDPSOHV LV UHIHUUHG WR DV
VHOI�DEVRUSWLRQ� 2QH VKRXOG QRW UHDG WRR PXFK LQWR WKLV

�

9



QDPH� ,W LV ZLGHO\ UHJDUGHG DV D PLVQRPHU� EXW QRQHWKH�
OHVV D ZHOO�HVWDEOLVKHG WHUP�

,W LV SRVVLEOH WR DYRLG VHOI�DEVRUSWLRQ WKURXJK H[�
SHULPHQWDO GHVLJQ� PRVW VWUDLJKWIRUZDUGO\ WKURXJK WKH
FKRLFH RU SUHSDUDWLRQ RI D VDPSOH WKDW LV VXIILFLHQWO\ WKLQ
RU GLOXWH ZLWK UHVSHFW WR WKH HOHPHQW RI LQWHUHVW� +RZ�
HYHU� IRU YDULRXV SUDFWLFDO UHDVRQV� WKLV LV QRW DOZD\V IHD�
VLEOH� ,Q WKLV FDVH� LW LV QHFHVVDU\ WR FRUUHFW WKH PHDVXUHG
IOXRUHVFHQFH VSHFWUXP GXULQJ WKH GDWD�SURFHVVLQJ VWDJH
WR UHIOHFW WKH VWUXFWXUH RI WKH GHVLUHG VSHFWUXP� µn�(��
$ QXPEHU RI VHOI�DEVRUSWLRQ FRUUHFWLRQ DOJRULWKPV KDYH
EHHQ SUHVHQWHG LQ WKH SDVW >�� �� �@� 9DULRXV FRUUHF�
WLRQ DOJRULWKPV DSSO\ WR GLIIHUHQW UHJLRQV RI WKH VSHF�
WUXP �;$1(6 RU ;$)6�� DQG HDFK KDV LWV RZQ OLPL�
WDWLRQV� )RU LQVWDQFH� D SRSXODU FRUUHFWLRQ DOJRULWKP
IRU WKH ;$1(6 UHJLRQ� )/82� LQFOXGHG LQ WKH SRSX�

ODU ;$6 GDWD SURFHVVLQJ SURJUDP $7+(1$� DVVXPHV
WKDW WKH UHOHYDQW VDPSOH LV DW OHDVW D FHUWDLQ WKLFNQHVV�
ZKLFK ZH ZLOO GLVFXVV IXUWKHU� 7KXV� WKHUH UHPDLQV D
QHHG IRU LPSURYHG VHOI�DEVRUSWLRQ FRUUHFWLRQ PHWKRGV
ZLWK JUHDWHU DFFXUDF\ DQG ZLGHU DSSOLFDELOLW\�

+HUH ZH ZLOO H[DPLQH WKH GHSHQGHQFH RI VHOI�
DEVRUSWLRQ RQ YDULRXV H[SHULPHQWDO SDUDPHWHUV DQG
SURYLGH H[SHULPHQWDO GHVLJQ VXJJHVWLRQV IRU DYRLGLQJ
DQG FRQWUROOLQJ VHOI�DEVRUSWLRQ� $GGLWLRQDOO\� ZH ZLOO
SUHVHQW D FRUUHFWLRQ PHWKRG IRU WKH ;$1(6 UHJLRQ
ZKLFK PD\ EH DSSOLHG WR D UDQJH RI VDPSOH WKLFNQHVVHV
DQG H[SHULPHQWDO JHRPHWULHV� :H ZLOO GLVFXVV LWV HIIL�
FDF\ DQG OLPLWDWLRQV� 7KH H[SHULPHQWDO GDWD VHW XVHG
WKURXJKRXW LV RI DKα HPLVVLRQ OLQH RI D FRSSHU VDPSOH
DQG ZDV WDNHQ E\ $SXUYD 0HKWD DQG 5\DQ 'DYLV�

)LJXUH �� 6FKHPDWLF 'LDJUDP RI ([SHULPHQW� ,Q VWDQGDUG JHRPHWU\� θ = ± = 45� (YHQ LQ QRQVWDQGDUG JHRPHWULHV�
W\SLFDOO\ θ + φ = 90�

0(7+2'6
&KDUDFWHUL]DWLRQ RI 6HOI�$EVRUSWLRQ
:H EHJLQ ZLWK WKH IOXRUHVFHQFH IXQFWLRQDO� D ZHOO�

HVWDEOLVKHG HTXDWLRQ WKDW GHVFULEHV WKH UDWLR RI IOXRUHV�
FHQFH LQWHQVLW\ WR WKH LQWHQVLW\ RI WKH LQFLGHQW ;�UD\�
(If/I0)(E)� RQH ZRXOG PHDVXUH JLYHQ DQ H[SHULPHQWDO
JHRPHWU\ DQG FKHPLFDO FRPSRVLWLRQ RI D VDPSOH >�� �@�
7KH IXOO GHULYDWLRQ RI WKLV HTXDWLRQ LV JLYHQ LQ DSSHQGL[
$�

If
I0

=

(
Ω

4π
)ε(E)

µe(E)

µt(E) + µf
VLQ(θ)
VLQ(φ)

[
1−

e−(µe(E)+µb(E)+µf
VLQ(θ)
VLQ(φ) )

T
VLQ(θ)

]
���

+HUH� µf ≡µt(Ef ) LV WKH WRWDO OLQHDU DEVRUSWLRQ FRHIIL�
FLHQW DW WKH IOXRUHVFHQFH HQHUJ\ RI WKH WDUJHW HGJH �Ef ��

*HQHUDOO\� WKH OLQHDU DEVRUSWLRQ FRHIILFLHQW µ RI DQ DUEL�
WUDU\ PDWHULDO LV JLYHQ E\ µ =

∑
i µimρi ZKHUH µim LV

WKH PDVV DEVRUSWLRQ FRHIILFLHQW DQG ρi LV WKH GHQVLW\ RI
D VSHFLHV ZH ZLWKLQ WKH PDWHULDO� $OO RWKHU SDUDPHWHUV
DUH GHILQHG LQ WKH LQWURGXFWLRQ RU LQ )LJ� ,�

-XVW DV µt(E) LV EDFNJURXQG�VXEWUDFWHG DQG QRUPDO�
L]HG WR REWDLQ µn(E)� If

I0
(E) LV EDFNJURXQG�VXEWUDFWHG

DQG QRUPDOL]HG WR REWDLQ (If/I0)N (E)� ,Q SDUWLFXODU� D
OLQH LV ILWWHG WR WKH SUH�HGJH GDWD WR REWDLQ (If/I0)b(E)�
DQG WKLV OLQH LV VXEWUDFWHG IURP WKH HQWLUH VSHFWUXP�
7KHQ WKH UHVXOWDQW VSHFWUXP LV GLYLGHG E\ (If/I0)0+ =
(If/I0)(E0+) WR QRUPDOL]H� $V LV DSSDUHQW LQ )LJ� ,,�D��
WKH WKLFNHU D VDPSOH LV� WKH PRUH VHOI�DEVRUEHG LWV VSHF�
WUXP ZLOO EH� :H FDQ GHILQH WKLFNQHVV PRUH SUHFLVHO\
LQ WHUPV RI DWWHQXDWLRQ OHQJWK� GHILQHG DV latt ≡ 1

µt
� RU

WKH GHSWK ZLWKLQ D VDPSOH DW ZKLFK WKH LQWHQVLW\ RI WKH
LQFLGHQW ;�UD\ ZLOO UHDFK ��H RI LWV LQLWLDO YDOXH� 7KH
DWWHQXDWLRQ OHQJWK RI FRSSHU DW LWVK HGJH LV≈ 3.87µP�

4XDOLWDWLYHO\� VHOI�DEVRUEHG (If/I0)N (E) ;$1(6
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VSHFWUD GLVSOD\ HQKDQFHG SUH�HGJH IHDWXUHV DQG GDPS�
HQHG SRVW�HGJH RVFLOODWLRQV �)LJ� ,,�D��� 7KH UHDVRQ IRU
WKLV EHFRPHV DSSDUHQW JLYHQ D SORW RI WKH GLIIHUHQFH EH�
WZHHQ D QRUPDOL]HG DEVRUSWLRQ VSHFWUXP DQG IOXRUHV�
FHQFH VSHFWUXP �)LJ� ,,�E��� :H VHH WKDW WKHUH LV DQ
DOPRVW VLQXVRLGDO UDLVLQJ RI YDOXHV RI WKH IOXRUHVFHQFH

VSHFWUXP FRPSDUHG WR WKH DEVRUSWLRQ VSHFWUXP EHORZ
µn  � (FRUUHVSRQGLQJ WR WKH HGJH DQG SUH�HGJH� DV ZHOO
DV WURXJKV RI WKH SRVW�HGJH RVFLOODWLRQV) DQG DV\PS�
WRWLF ORZHULQJ RI YDOXHV DERYH µn  � �FRUUHVSRQGLQJ
WR SHDNV RI WKH SRVW�HGJH RVFLOODWLRQV��

�D� �E�

)LJXUH �� %HKDYLRU RI 6HOI�$EVRUSWLRQ 'LVWRUWLRQ IRU 9DULRXV 7� D� 6LPXODWHG IOXRUHVFHQFH VSHFWUD IRU YDULRXV VDP�
SOH WKLFNQHVVHV FRPSDUHG WR RULJLQDO� XQ�VHOI�DEVRUEHG GDWD RI FRSSHU K HGJH� 6HOI�DEVRUEHG VSHFWUD VKRZ LQFUHDVHG
YDOXHV EHIRUH DQG DORQJ WKH HGJH� 7KH GHJUHH RI VHOI�DEVRUSWLRQ LQFUHDVHV ZLWK WKLFNQHVV� KRZHYHU� T = 10latt \LHOGV
D YLUWXDOO\ LGHQWLFDO VSHFWUXP WR T = ∞� E� 'LIIHUHQFH EHWZHHQ FRUUHFW DEVRUSWLRQ FRHIILFLHQW� �µn�� DQG VLPXODWHG�
QRUPDOL]HG IOXRUHVFHQFH VSHFWUXP� If/I0N � DV D IXQFWLRQ RI µn IRU YDULRXV WKLFNQHVVHV� 1RWLFH WKDW WKH IOXRUHVFHQFH
VSHFWUXP LV DOPRVW VLQXVRLGDOO\ UDLVHG EHORZ WKH HGJH DQG DW SRVW�HGJH WURXJKV� FRUUHVSRQGLQJ WR µe(E) < µe0+�
ZLWK WKH JUHDWHVW GHFUHDVH RFFXUULQJ DURXQG ��� RI WKH ZD\ XS WKH HGJH� $GGLWLRQDOO\� LW LV DQG PRUH�RU�OHVV OLQHDUO\
LQFUHDVHG IRU SRVW�HGJH SHDNV� FRUUHVSRQGLQJ WR µe(E) > µe0+� /DVWO\� QRWH WKDW� IRU WKLQQHU VDPSOHV� VHOI�DEVRUSWLRQ
LV PRVW VLJQLILFDQW IRU SRVW�HGJH SHDNV� DQG IRU WKLFNHU VDPSOHV� VHOI�DEVRUSWLRQ LV PRVW VLJQLILFDQW IRU WKH SUH�HGJH
DQG SRVW�HGJH WURXJKV�

%\ SHUIRUPLQJ D ILUVW�RUGHU 7D\ORU VHULHV DSSUR[L�
PDWLRQ RQ WKH H[SRQHQWLDO WHUP LQ ���� ZH ILQG WKDW If

I0
∝

µe�(� ZKHQ WKH TXDQWLW\ >(µt(E)+µf
VLQ(θ)
VLQ(φ) )

T
VLQ(θ) @<<

�� FRUUHVSRQGLQJ SK\VLFDOO\ WR YHU\ WKLQ �VPDOO /� RU RS�
WLFDOO\ GLOXWH (VPDOO µt) VDPSOHV�

1− e−(µt(E)+µf
VLQ(θ)
VLQ(φ) )

T
VLQ(θ)

≈ 1− (1− (µt(E) + µf
VLQ(θ)
VLQ(φ)

)
T

VLQ(θ)
)

= (µt(E) + µf
VLQ(θ)
VLQ(φ)

)
T

VLQ(θ)
���

If
I0

= (
Ω

4π
)ε(E)

µe(E)

µt(E) + µf
VLQ(θ)
VLQ(φ)

((µt(E)+µf
VLQ(θ)
VLQ(φ)

)
T

VLQ(θ)
)

= (
Ω

4π
)ε(E)

T

VLQ(θ)
µe(E)

⇒ If
I0

∝ µe(E) ���

:KHQ WKLV LV WKH FDVH� WKH QRUPDOL]HG IOXRUHVFHQFH VSHF�
WUXP LV WKH VDPH DV WKH QRUPDOL]HG DEVRUSWLRQ VSHFWUXP�
WKHUH LV QR VHOI�DEVRUSWLRQ� KRZHYHU� ZKHQ WKH VDPSOH LV
QRW YHU\ WKLQ RU GLOXWH� WKLV ILUVW�RUGHU DSSUR[LPDWLRQ QR
ORQJHU KROGV� DQG� DV LV DSSDUHQW IURP ���� WKH UHODWLRQ�
VKLS EHWZHHQ µe DQG If/I0 EHFRPHV PRUH FRPSOLFDWHG�
,Q RUGHU IRU WKLV ILUVW�RUGHU DSSUR[LPDWLRQ WR EH YDOLG�
WKH VDPSOH PXVW EH H[WUHPHO\ WKLQ� $ VDPSOH HYHQ ���
latt FDQ H[KLELW VLJQLILFDQW VHOI�DEVRUSWLRQ (VHH )LJ� ,,)�
,Q IDFW� ZH FDQ SUHGLFW WKH GHJUHH RI VHOI�DEVRUSWLRQ GLV�

�
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WRUWLRQ WKDW D JLYHQ H[SHULPHQWDO VSHFWUXP ZLOO GLVSOD\�
:H FDQ GHILQH WKH GHJUHH RI VHOI�DEVRUSWLRQ GLVWRUWLRQ
DV WKH GLIIHUHQFH EHWZHHQ D QRUPDOL]HG� EDFNJURXQG�
VXEWUDFWHG� FRUUHFW DEVRUSWLRQ VSHFWUXP� µn� DQG D QRU�
PDOL]HG� EDFNJURXQG VXEWUDFWHG� VHOI�DEVRUEHG IOXR�
UHVFHQFH VSHFWUXP� (If/I0)N � DQG FDOO WKLV GLIIHUHQFH
6$'� ,Q RUGHU WR GR VR� ZH ZLOO WDNH DGYDQWDJH RI UH�
VXOWV XVHG IRU WKH VHOI�DEVRUSWLRQ FRUUHFWLRQ GLVFXVVHG
ODWHU RQ �VHH DSSHQGL[ %��

6$' = µn[1−
(µe0+ + β)[1− e−(µnµe0++β)L]

(µnµe0+ + β)[1− e−(µe0++β)L]
] ���

,Q RUGHU IRU 6$' WR EH OHVV WKDQ ���� WKURXJKRXW
WKH ZKROH VSHFWUXP RI WKH FRSSHU VDPSOH XVHG LQ WKLV
ZRUN� FRUUHVSRQGLQJ WR GLVWRUWLRQ RI OHVV WKDQ ��ZKHUH
WKH SHUFHQWDJH LV UHODWLYH WR � RQ WKH QRUPDOL]HG VSHF�
WUXP� 7 ZRXOG QHHG WR EH ����µP� RU OHVV WKDQ ���� RI
DQ DWWHQXDWLRQ OHQJWK� 7KLV H[DPSOH GHPRQVWUDWHV WKDW
WKH LPSRUWDQFH RI GLOLJHQW VDPSOH SUHSDUDWLRQ WR DYRLG
VHOI�DEVRUSWLRQ FDQQRW EH XQGHUVWDWHG� 8QOHVV WKH H[�
SHULPHQWHU WDNHV VSHFLDO FDUH WR SUHSDUH DQ H[FHSWLRQ�
DOO\ WKLQ VDPSOH� VLJQLILFDQW VHOI�DEVRUSWLRQ GLVWRUWLRQ

ZLOO RFFXU� 7KH HTXDWLRQ IRU 6$' ���� LV QRW LQYHUWLEOH
LQ D FORVHG DOJHEUDLF IRUP IRU / ≡ T/ VLQ(θ)� KRZ�
HYHU� RQH FDQ HDVLO\ HYDOXDWH WKH H[SUHVVLRQ QXPHULFDOO\
WR GHULYH WKH PD[LPXP VDPSOH WKLFNQHVV WKDW ZLOO NHHS
6$' XQGHU D FHUWDLQ YDOXH� VD\ ����� ,W LV JHQHUDOO\ EHVW
WR FDOFXODWH 6$' IRU KLJKHVW WKH YDOXH RI WKH QRUPDO�
L]HG FRUUHFW DEVRUSWLRQ VSHFWUXP� µn� RQH ZRXOG H[�
SHFW WR ILQG� ZKLFK FRUUHVSRQGV WR WKH KLJKHVW SHDN LQ
WKH µn VSHFWUXP� 7KLV LV EHFDXVH� DV GHPRQVWUDWHG LQ
)LJ� ,,�E�� VHOI�DEVRUSWLRQ IRU WKLQ VDPSOHV LV JUHDWHVW
DW WKH KLJKHVW YDOXH RI WKH VSHFWUXP� 2I FRXUVH� DQ H[�
DFW PD[LPXP YDOXH IRU µn FDQQRW EH NQRZQ ZLWKRXW
DQ DEVRUSWLRQ VSHFWUXP WR UHIHUHQFH� EXW D UHDVRQDEOH
JXHVV FDQ XVXDOO\ EH PDGH� )RU PRVW DEVRUSWLRQ VSHF�
WUD� µnmax < 1.5� VR FDOFXODWLQJ 6$' IRU µn  ��� ZLOO
\LHOG D YDOXH KLJKHU WKDQ RQH VKRXOG DFWXDOO\ HQFRXQWHU�
KRZHYHU� IRU VSHFWUD ZLWK PRUH H[DJJHUDWHG SRVW�HGJH
RVFLOODWLRQV� FDOFXODWLQJ 6$' IRU D ODUJHU YDOXH RI µn

ZLOO EH QHFHVVDU\� )RU DQ LQGH[ RI WKH GHJUHH RI VHOI�
DEVRUSWLRQ ZKLFK LV FRPSDUDEOH IURP H[SHULPHQW WR H[�
SHULPHQW� LW PD\ EH XVHIXO WR FDOFXODWH 6$' IRU D W\SLFDO
YDOXH RI µnmax� VD\ ����

�D� �E�

)LJXUH �� %HKDYLRU RI 6$'� D� 6$' DV D IXQFWLRQ RI µb0/µe0 IRU 7  ��µe0 (LQ RWKHU ZRUGV� RQH DWWHQXDWLRQ OHQJWK IRU
WKH HOHPHQW RI LQWHUHVW)� µf  �� DQG µn  ���� 7KLV GHPRQVWUDWHV WKDW� WKH ODUJHU WKH EDFNJURXQG DEVRUSWLRQ FRHIILFLHQW
LQ SURSRUWLRQ WR WKDW RI WKH HOHPHQW DQG HGJH RI LQWHUHVW� WKH OHVV VLJQLILFDQW VHOI�DEVRUSWLRQ GLVWRUWLRQ LV� E� 6$' DV
D IXQFWLRQ RI µe0 IRU 7  �� µf  �� DQG µn  ���� 7KLV GHPRQVWUDWHV WKDW D JUHDWHU FRQFHQWUDWLRQ RI WKH HOHPHQW RI
LQWHUHVW UHVXOWV LQ PRUH VLJQLILFDQW VHOI�DEVRUSWLRQ�

6$' SURYLGHV DQRWKHU XVHIXO LQVLJKW� E\ LQFUHDVLQJ
µb(E)� ZH FDQ GHFUHDVH 6$' IRU D JLYHQ µe(E) DQG T �
DV GHPRQVWUDWHG LQ )LJ� ,,,� ,Q RWKHU ZRUGV� LI ZH GLOXWH
WKH DWRP RI LQWHUHVW LQ D GHQVH PDWUL[ RI KHDYLHU DWRPV
�DQG PDLQWDLQ VDPSOH WKLFNQHVV�� ZH FDQ GHFUHDVH WKH
DPRXQW RI VHOI DEVRUSWLRQ� 7KLV HIIHFW LV DOVR DSSDUHQW
LQ ���� ,I µb�(� DQG µf DUH ODUJH� WKH YDULDWLRQ LQ µe ZLOO
UHVXOW LQ UHODWLYHO\ OHVV FKDQJH LQ WKH YDOXH RI WKH H[�

SRQHQWLDO WHUP� $GGLWLRQDOO\� YDULDWLRQV LQ µe(E) ZLOO
UHVXOW LQ JUHDWHU YDULDWLRQV RI WKH YDOXH RI WKH IUDFWLRQDO
WHUP DV D ZKROH� EHFDXVH WKH GHQRPLQDWRU ZLOO YDU\ OHVV�
3K\VLFDOO\� DQ LQFUHDVH LQ µb(E) ZLOO FRUUHVSRQG WR DQ
LQFUHDVH LQ µf (E) EHFDXVH ZLOO EH PRUH DQG�RU KHDYLHU
DWRPV LQ WKH PDWUL[� ZKLFK ZLOO DOVR DEVRUE IOXRUHVFHQFH
SKRWRQV� 7KXV� GLOXWLQJ WKH HOHPHQW RI LQWHUHVW LQ D PD�
WUL[ RI KHDYLHU DWRPV ZLOO GHFUHDVH VHOI�DEVRUSWLRQ HYHQ
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PRUH WKDQ )LJ� ,,,�D� LPSOLHV�
&RQYHUVHO\� VHOI�DEVRUSWLRQ GLVWRUWLRQ ZLOO EH PRVW

VLJQLILFDQW ZKHQ µb(E) DQG µf (E) DUH PLQLPL]HG ± WKDW
LV� ZKHQ WKH VDPSOH LV FRQFHQWUDWHG ZLWK WKH HOHPHQW RI
LQWHUHVW� ,I ZH DVVXPH WKDW RXU VDPSOH LV YHU\ FRQFHQ�
WUDWHG ZLWK WKH HOHPHQW RI LQWHUHVW DQG WKXV µb(E) =
µf = 0� WKHQ� LQ RUGHU IRU 6$' ≤ ���� IRU µn  ����
7 PXVW EH OHVV WKDQ ����� latt ≈ (1/12)latt� ,I µn  
���� WKHQ 7< 0.27latt� %HFDXVH WKLV PD[LPXP YDOXH RI
7 UHTXLUHG WR DYRLG VHOI�DEVRUSWLRQ YDULHV VLJQLILFDQWO\
IURP FDVH WR FDVH� WKHUH LV QR SUHFLVH UXOH RI WKXPE UH�
JDUGLQJ WKH PD[LPXP WKLFNQHVV ZLWK ZKLFK WR SUHSDUH
\RXU VDPSOH� +RZHYHU� LW LV W\SLFDOO\ RQ WKH RUGHU RI
KXQGUHGWKV WR WHQWKV RI DQ DEVRUSWLRQ OHQJWK�

)RU WKLFN VDPSOHV� LW LV SDUWLFXODUO\ DGYLVDEOH WR
DYRLG KLJK FRQFHQWUDWLRQ ZLWK UHVSHFW WR WKH HOHPHQW RI
LQWHUHVW EHFDXVH VHOI�DEVRUSWLRQ FDQ EHFRPH YHU\ VLJQLI�
LFDQW� 6SHFLILFDOO\�

µf = 0, µt(E) = µe(E)

⇒ If = I0(
Ω

4π
)ε(E)[1− e−µt(E) T

VLQ(θ) ] ���

,I WKH VDPSOH LV YHU\ WKLFN� WKH H[SRQHQWLDO WHUP ZLOO
DSSURDFK ]HUR DQG WKH IOXRUHVFHQFH VSHFWUXP ZLOO H[�
KLELW PLQLPDO VWUXFWXUH� PDNLQJ FRUUHFWLRQ TXLWH GLIIL�
FXOW� 7KH ORZHU µb(E) LV LQ UHODWLRQ WR µe(E)� WKH KLJKHU
WKH SUHYLRXVO\�GLVFXVVHG FDS RQ VHOI�DEVRUSWLRQ GLVWRU�
WLRQ LQ WKH WKLFN OLPLW EHFRPHV�

7KH JUHDWHU WKH WKLFNQHVV RI RXU VDPSOH LV� WKH OHVV
DFFXUDWH WKH ILUVW�RUGHU DSSUR[LPDWLRQ ��� EHFRPHV� DQG
WKXV VHOI�DEVRUSWLRQ GLVWRUWLRQ LQFUHDVHV� +RZHYHU� DF�
FRUGLQJ WR WKH IOXRUHVFHQFH HTXDWLRQ� WKHUH LV D PD[L�
PXP DPRXQW RI VHOI DEVRUSWLRQ WKDW FDQ RFFXU GXH WR
VDPSOH WKLFNQHVV� 7KLV LV LOOXVWUDWHG LQ )LJ� ,,�E�� 7KH
UHDVRQ IRU WKLV LV WKDW� IRU VXIILFLHQWO\ ODUJH 7� ZH PD\
DSSUR[LPDWH WKH IOXRUHVFHQFH HTXDWLRQ WR VDWLVI\ WKH 7
→ ∞ OLPLW� \LHOGLQJ D PXFK VLPSOHU DQG DOJHEUDLFDOO\�
LQYHUWLEOH HTXDWLRQ >�@�

OLP
T→∞

(
If =

I0(
Ω

4π
)ε(E)

µe(E)

µt(E) + µf
VLQ(θ)
VLQ(φ)

[1−e−(µt(E)+µf
VLQ(θ)
VLQ(φ) )

T
VLQ(θ) ]

)

= I0(
Ω

4π
)ε(E)

µe(E)

µt(E) + µf
VLQ(θ)
VLQ(φ)

���

7KH SHUFHQW HUURU RI WKH T → ∞ DSSUR[LPDWLRQ
IRU D SDUWLFXODU H[SHULPHQW LV VLPSO\ WKH PDJQLWXGH RI
WKH H[SRQHQWLDO WHUP LQ ���� 7HPSRUDULO\ QHJOHFWLQJ µf

DQG DVVXPLQJ VWDQGDUG JHRPHWU\ �θ = φ  ����� LW ZLOO
WDNH D VDPSOH RI DSSUR[LPDWHO\ (− OQ(0.01)/ VLQ(45) ≈
3.3)latt IRU WKH T → ∞ WR EH DFFXUDWH ZLWKLQ ��� +RZ�
HYHU� LI ZH DWWHPSW WR DSSO\ D FRUUHFWLRQ WR WKLV VSHFWUXP

DVVXPLQJ WKDW WKH T → ∞ OLPLW LV VDWLVILHG� RXU FRU�
UHFWHG VSHFWUXP PD\ EH ³RYHUFRUUHFWHG´ PRUH VHYHUHO\
WKDQ ��� 7KXV� DV D JHQHUDO UXOH RI WKXPE IRU VWDQGDUG
JHRPHWU\� LW LV DGYLVDEOH WR HQVXUH D VDPSOH WKLFNQHVV
RI ≤ (− OQ(0.001)/ VLQ(45) ≈ 4.9)latt EHIRUH DVVXP�
LQJ WKH T → ∞ OLPLW� $GGLWLRQDOO\� DV ZH KDYH VHHQ�
VLJQLILFDQW VHOI�DEVRUSWLRQ PD\ RFFXU HYHQ IRU D VDPSOH
ZLWK D WKLFNQHVV RQ WKH RUGHU RI PLFURQV� 2QHPXVW KDYH
PRUH SUHFLVH NQRZOHGJH RI D WKLQ VDPSOH¶V WKLFNQHVV WR
SURSHUO\ FRUUHFW IRU VHOI�DEVRUSWLRQ² DQRWKHU UHDVRQ WR
LQWHQWLRQDOO\ VDWLVI\ WKH T → ∞ WKURXJK WKH FKRLFH RI
D WKLFN VDPSOH�

7KLV SURYLGHV D XVHIXO LQVLJKW IRU H[SHULPHQWDO GH�
VLJQ� LW LV HDVLHU WR FRUUHFW D IOXRUHVFHQFH VSHFWUXP
WDNHQ IURP D VDPSOH RI VLJQLILFDQW WKLFNQHVV WKDQ LW LV
IRU D VDPSOH RI LQWHUPHGLDWH WKLFNQHVV� 2QH FDQ XVH
WKLV HTXDWLRQ DV WKH EDVLV IRU D VWUDLJKWIRUZDUG FRUUHF�
WLRQ DOJRULWKP� 'DQLHO +DVNHO¶V )/82� D SRSXODU VHOI�
DEVRUSWLRQ FRUUHFWLRQ DOJRULWKP IRU ;$1(6� GRHV SUH�
FLVHO\ WKDW >�@� ,I D VDPSOH LV YHU\ WKLFN� RQH FDQ XVH
)/82 RU WKH FRUUHFWLRQ DOJRULWKP ZH ZLOO SUHVHQW WR
FRUUHFW IOXRUHVFHQFH VSHFWUD ZLWKRXW SUHFLVH NQRZOHGJH
RI WKH VDPSOH¶V WKLFNQHVV� 7KXV� D YHU\ WKLFN VDP�
SOH PD\ EH SUHIHUDEOH WR RQH RI LQWHUPHGLDWH WKLFNQHVV�
ZKLFK ZLOO UHTXLUH WKH H[SHULPHQWHU WR KDYH SUHFLVH
NQRZOHGJH RI LWV WKLFNQHVV LQ RUGHU WR FRUUHFW WKH VSHF�
WUXP DFFXUDWHO\�

)RU WKLFN VDPSOHV� LW LV SDUWLFXODUO\ DGYLVDEOH WR
DYRLG KLJK FRQFHQWUDWLRQ ZLWK UHVSHFW WR WKH HOHPHQW RI
LQWHUHVW� RU� VLPLODUO\� GLOXWLRQ LQ OLJKWHU HOHPHQWV� ,Q
WKLV FDVH� VHOI�DEVRUSWLRQ FDQ EHFRPH YHU\ VLJQLILFDQW�
,Q SDUWLFXODU�

(
µf = µb(E) = 0

)
⇒ If

I0 N
= (

Ω

4π
)ε(E)[1−e−µt(E) T

VLQ(θ) ]

���
,I WKH VDPSOH LV YHU\ WKLFN� WKH H[SRQHQWLDO WHUP ZLOO DS�
SURDFK ]HUR DQG WKH IOXRUHVFHQFH VSHFWUXP ZLOO H[KLELW
PLQLPDO VWUXFWXUH� PDNLQJ FRUUHFWLRQ TXLWH GLIILFXOW�

$GGLWLRQDOO\� DV ZH GHFUHDVH WKH LQFLGHQW DQJOH θ�
ZH LQFUHDVH WKH DPRXQW RI VHOI�DEVRUSWLRQ� DV VKRZQ LQ
)LJ� 9,� ,QWXLWLYHO\� ZH FDQ XQGHUVWDQG D GHFUHDVH LQ
LQFLGHQW DQJOH DV DQ LQFUHDVH LQ WKH HIIHFWLYH WKLFNQHVV
RI WKH VDPSOH� ,Q WKH FDVH RI QRUPDO LQFLGHQFH� JUD]LQJ
H[LW JHRPHWU\ �θ  ���� φ  �� ZH QRWLFH WKDW If EHFRPHV
SURSRUWLRQDO WRµ�(�� DQG WKXV WKHUH LV QR VHOI DEVRUSWLRQ�
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$VVXPLQJ θ + φ  ����

OLP
θ→90

If
I0

= (
Ω

4π
)ε(E)

µe(E)

µe(E) + µb(E) + µf (
VLQ(90)
VLQ(0) = ∞)

[
1

− e−(µe(E)+µb(E)+µf (
VLQ(90)
VLQ(0) =∞)) T

VLQ(0)

]

⇒ (
Ω

4π
)ε(E)

µe(E)

µe(E) + µb(E) + µf (
VLQ(90)
VLQ(0) = ∞)

∝ µe

���

7KHUHIRUH� LW LV DGYLVDEOH WR SHUIRUP IOXRUHVFHQFH PHD�
VXUHPHQWV LQ WKLV JHRPHWU\ LI DW DOO SRVVLEOH�

�D� �E�

)LJXUH �� %HKDYLRU RI 6HOI�$EVRUSWLRQ 'LVWRUWLRQ )RU 9DULRXV θ� D� 6LPXODWHG IOXRUHVFHQFH VSHFWUD IRU YDULRXV
LQFLGHQW DQJOHV FRPSDUHG WR RULJLQDO� XQ�VHOI�DEVRUEHG GDWD RI FRSSHUK HGJH� ZLWK WKH FRQGLWLRQ WKDW θ+φ  ���� 7KH
GHJUHH RI VHOI DEVRUSWLRQ LQFUHDVHV DV θ GHFUHDVHV� 1RWLFH WKDW IRU θ = 89.9� WKHUH LV YLUWXDOO\ QR VHOI�DEVRUSWLRQ� E�
'LIIHUHQFH EHWZHHQ FRUUHFW DQG VLPXODWHG VSHFWUD�

6HOI�$EVRUSWLRQ &RUUHFWLRQ 'HULYDWLRQ
7KH EDVLV RI WKLV FRUUHFWLRQ PHWKRG LV WR XVH QXPHU�

LFDO FDOFXODWLRQ DQG WDEXODWHG GDWD WR ZRUN DURXQG WKH
IDFW WKDW WKH GHVLUHG TXDQWLW\� µe�(�� PD\ QRW EH DOJH�
EUDLFDOO\ LVRODWHG LQ ���� :H EHJLQ ZLWK D VOLJKWO\ UHIRU�
PXODWHG IOXRUHVFHQFH HTXDWLRQ ZLWKRXW FRQVWDQW PXOWL�
SOLFDWLYH IDFWRUV� ZKLFK EHFRPH XQLPSRUWDQW XSRQ QRU�
PDOL]DWLRQ� :H DOVR PDNH WKH DSSUR[LPDWLRQ WKDW ε(E)
LV FRQVWDQW RYHU WKH ;$1(6 UHJLRQ� ZKLFK LV DFFXUDWH
EHFDXVH ε(E) GRHV QRW YDU\ VLJQLILFDQWO\ DV D IXQFWLRQ
RI HQHUJ\ IRU D JLYHQ FKHPLFDO VSHFLHV�

If
I0 N

∝ µe(E)

µt(E) + µfg
[1− e−(µt(E)+µfg)L] ���

+HUH� L ≡ T/ VLQ(θ)� g ≡ VLQ(θ)/ VLQ(φ)� 7DNLQJ
WDEXODWHG GDWD IURP >�@� ZH PD\ FDOFXODWH�

µf =
∑

i

µm0i(E0+)ρi ����

µb0 =
∑

i

µm0i(Epreedge)ρi ����

µt0+ =
∑

i

µm0i(E0+)ρi ����

ZKHUH ZH LV DQ HOHPHQW ZLWKLQ WKH VDPSOH�
µn  µe�µe0+ LV WKH VSHFWUXP WKDW WKLV FRUUHFWLRQ

ZLOO XOWLPDWHO\ GHULYH� 5HFDOO� LW LV WKH QRUPDOL]HG�
EDFNJURXQG�VXEWUDFWHG� DQG FRUUHFWHG DEVRUSWLRQ VSHF�
WUXP� 8QOHVV WKHUH LV DQRWKHU DWRP LQ WKH VDPSOH ZLWK
DQ HGJH DW DQ HQHUJ\ LQ WKH ;$1(6 HQHUJ\ UHJLRQ RI WKH
HOHPHQW XQGHU LQYHVWLJDWLRQ (D VFHQDULR ZKLFK VKRXOG
EH DYRLGHG LI DW DOO SRVVLEOH)� µb�(� ZLOO EH QHDUO\ FRQ�
VWDQW RYHU WKH ;$1(6 UHJLRQ� DQG WKXV ZH FDQ DSSUR[L�
PDWH µb(E) ≈ µb0 = µb(Ebeforeedge)� ZH PD\ WKHQ
FDOFXODWH µe0+ = µt0+ − µb0� :H PD\ DOVR GHILQH
β ≡ µb0++µfg� $GGLWLRQDOO\� ZHPD\ GURS WKH H[SOLFLW
�(� GHSHQGHQFH RI WHUPV ZLWKLQ WKH H[SUHVVLRQ� *LYHQ
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WKHVH DPHQGPHQWV� ZH KDYH�

If
I0 N

∝ µnµe0+

µnµe0+ + β
[1− e−(µnµe0++β)L] ����

7R QRUPDOL]H� ZH HYDOXDWH WKH ULJKW KDQG VLGH RI WKH
HTXDWLRQ DW µn = 1� RU� HTXLYDOHQWO\� µe = µe0+� :H
WKHQ GLYLGH WKLV YDOXH E\ � DQG FDOO LW ³1´ IRU QRUPDO�
L]DWLRQ IDFWRU� :H WKHQ PXOWLSO\ WKH ULJKW KDQG VLGH E\
1� $W WKLV SRLQW� ZH PD\ VHW WKH ULJKW DQG OHIW KDQG VLGHV
RI WKH HTXDWLRQ WR EH HTXDO EHFDXVH WKH\ DUH ERWK QRU�
PDOL]HG�

N ≡ 1
µe0

µe0++β [1− e−(µe0++β)L]
����

If
I0 N

=
Nµnµe0+

µn + β
[1− e−(µnµe0++β)L] ����

1H[W� ZH FDOFXODWH If
I0 N

(E) IRU D ODUJH QXPEHU RI
YDOXHV RI WKH ILQDO� QRUPDOL]HG DEVRUSWLRQ VSHFWUXP µn

EHWZHHQ ��� DQG �� 7KLV UDQJH VKRXOG VXIILFH IRU PRVW
VSHFWUD RQH FRXOG UHDVRQDEO\ HQFRXQWHU� EXW� RI FRXUVH�
WKH UDQJH PD\ EH HDVLO\ DGMXVWHG IRU DW\SLFDO VSHFWUD�
:H QRZ KDYH D PDS 6$&� If

I0 N
(E) )→µn(E)� ZKHUH

6$& LV DQ DFURQ\P IRU ³VHOI�DEVRUSWLRQ FRUUHFWLRQ´�
ZKLFK ZH FDQ XVH WR FRUUHFW RXU VHOI�DEVRUEHG VSHFWUXP�
2QHPD\ UHSODFH HDFK GDWD SRLQW LQ D VHOI�DEVRUEHG VSHF�
WUXP� )�(�� ZLWK WKH YDOXH RI µn(E) ZKLFK FRUUHVSRQGV
WR WKH QHDUHVW YDOXH IRU )�(� LQ WKH VHW RI YDOXHV LQ WKH
PDS 6$& WKDW KDV EHHQ FDOFXODWHG� 7KH UHVXOW LV WKH FRU�
UHFWHG VSHFWUXP� µn�(�� 3XW VLPSO\� WKLV PHWKRG ZRUNV
DURXQG WKH ODFN RI FORVHG�IRUP LQYHUWLELOLW\ RI WKH IOX�
RUHVFHQFH HTXDWLRQ WR ILQG DQ �DOPRVW� H[DFW LQYHUVH
QXPHULFDOO\ XVLQJ WDEXODWHG YDOXHV DQG DSSUR[LPDWLRQV
ZKLFK DUH W\SLFDOO\ YHU\ VWURQJ RYHU WKH ;$1(6 UHJLRQ�

7R WHVW WKH HIIHFWLYHQHVV RI WKLV FRUUHFWLRQ PHWKRG�
ZH DSSOLHG LW WR GDWD WKDW ZH VLPXODWHG XVLQJ WKH IOXR�
UHVFHQFH HTXDWLRQ DQG S\WKRQ� ,Q SDUWLFXODU� ZH WRRN
If/I0(E) GDWD FROOHFWHG E\ 5\DQ 'DYLV DQG $SXUYD

0HKWD RQ WKH Kα HPLVVLRQ OLQH RI D FRSSHU VDPSOH� DV�
VXPHG WR QRW EH VHOI�DEVRUEHG� :H ILWWHG WKLV GDWD VHW
WR WDEXODWHG OLQHDU DEVRUSWLRQ FRHIILFLHQW GDWD IRU FRS�
SHU IURP 1,67 >�@� :H WKHQ XVHG WKH UHVXOWDQW VSHF�
WUXP DV µt(E) LQ WKH VLPXODWLRQV� )RU WKH VLPXODWLRQV�
ZH REWDLQHG µb(E) WKURXJK D SUH�HGJH OLQHDU UHJUHVVLRQ
ILW WKH WKH SUH�HGJH GDWD RI WKH µt(E) FXUYH� :H FDO�
FXODWHG µe(E) XVLQJ µe(E) = µt(E) − µb(E)� :H
VXEWUDFWHG WKH EDFNJURXQG RI WKH VLPXODWHG E\ SHUIRUP�
LQJ D OLQHDU UHJUHVVLRQ ILW RQ SUH�HGJH GDWD DQG VXEWUDFW�
LQJ WKLV OLQH IURP P\ HQWLUH GDWD VHW� :H WKHQ IODWWHQHG
P\ GDWD E\ SHUIRUPLQJ D OLQHDU UHJUHVVLRQ ILW RQ SRVW�
HGJH GDWD DQG VXEWUDFWLQJ WKLV OLQH IURP GDWD DIWHU WKH
HGJH� $ SRO\QRPLDO ILW WR SRVW�HGJH GDWD ZRXOG EH PRUH
VXLWDEOH IRU VSHFWUD ZLWK OHVV�OLQHDU SRVW�HGJH VWUXFWXUHV�
/DVWO\� ZH QRUPDOL]HG E\ GLYLGLQJ WKH HQWLUH VSHFWUXP
E\ (If/I0)0+� WKH YDOXH DW ZKLFK WKH SRVW�HGJH IODW�
WHQHG �EXW QRW \HW QRUPDOL]HG� GDWD FRQYHUJHG� $OO GDWD
SURFHVVLQJ� VLPXODWLRQV� DQG SORWWLQJ LQ WKLV ZRUN ZH UH
GRQH XVLQJ 3\WKRQ� $ GDWD�SURFHVVLQJ SURJUDP VXFK DV
6,;3$&. RU $7+(1$ FRXOG EH XVHG IRU WKHVH LQLWLDO
VWHSV�

$V H[KLELWHG LQ )LJ� 9 DQG 9,� WKH FRUUHFWLRQ
PHWKRG ZRUNV XQLIRUPO\ ZHOO DFURVV GLIIHUHQW YDOXHV RI
T DQG θ� $GGLWLRQDOO\� LW LV JHQHUDOO\ UREXVW DJDLQVW
HUURUV LQ XVHU�GHWHUPLQHG YDOXHV RI 7 DQG θ� +RZ�
HYHU� DV θ LQFUHDVHV� RU 7 GHFUHDVHV� WKH FRUUHFWLRQ EH�
FRPHV OHVV UREXVW DJDLQVW PLVPHDVXUHPHQWV� DQG WKH
XVHU PXVW NQRZ WKHLU YDOXHV ZLWK JUHDWHU DFFXUDF\ WR
FRUUHFW ZHOO� )LJ� 9 DQG 9, DOVR VKRZ WKDW WKH GLIIHU�
HQFH EHWZHHQ RULJLQDO DQG FRUUHFWHG VSHFWUD LV JUHDWHVW
DW WKH ULVLQJ HGJH IHDWXUH (≈ 8985eV ) DQG WKH ILUVW SHDN
(≈ 9000eV )� LQGLFDWLQJ WKDW WKH FRUUHFWLRQ LV OHDVW HI�
IHFWLYH LQ WKHVH UHJLRQV RI WKH VSHFWUXP�

:H QRWH WKDW WKLV FRUUHFWLRQ LV QRW DSSOLFDEOH WR WKH
³JUD]LQJ�LQFLGHQFH´ UHJLPH� ZKHUHLQ θ ≤ θc� ZKHUH θc
LV WKH VDPSOHV FULWLFDO DQJOH IRU WRWDO H[WHUQDO UHIOHFWLRQ�
,Q WKLV UHJLPH� ��� QR ORQJHU DSSOLHV�
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�D� �E�

�F� �G�

�H� �I�

)LJXUH �� %HKDYLRU RI FRUUHFWLRQ IRU YDULRXV 7� D�F� DQG H GHPRQVWUDWH WKH FRUUHFWLRQ RQ VLPXODWHG VSHFWUD RI YDULRXV
WKLFNQHVVHV� 7  1

10 latt� 7  �latt� DQG 7  ��latt UHVSHFWLYHO\� 7KH RULJLQDO� XQ�VHOI�DEVRUEHG VSHFWUD DUH FRPSDUHG WR
WKH VLPXODWHG VSHFWUD IRU YDULRXV 7 DQG WKH FRUUHFWHG YHUVLRQV RI WKHVH VLPXODWHG VSHFWUD� E� G� DQG I �FRUUHVSRQGLQJ WR
D� F� DQG H� VKRZ WKH GLIIHUHQFH EHWZHHQ WKH RULJLQDO� XQ�VHOI�DEVRUEHG VSHFWUD DQG WKH FRUUHFWHG VSHFWUD �LQ EOXH�� DV
ZHOO DV WKH GLIIHUHQFHV EHWZHHQ WKH RULJLQDO XQ�VHOI�DEVRUEHG VSHFWUD DQG WKH FRUUHFWHG VSHFWUD� ZKHUH WKH FRUUHFWLRQV
DUH SHUIRUPHG ZLWK LQFRUUHFW VDPSOH WKLFNQHVV LQSXW� ZLWK ���� LQ JUHHQ DQG ���� LQ UHG� 7KLV GHPRQVWUDWHV WKH
HIIHFWLYHQHVV RI WKH FRUUHFWLRQ DQG LWV UREXVWQHVV DJDLQVW PLVPHDVXUHG VDPSOH WKLFNQHVVHV �7��
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�D� �E�

�F� �G�

�H� �I�

)LJXUH �� %HKDYLRU RI FRUUHFWLRQ IRU YDULRXV θ� D�F� DQG H GHPRQVWUDWH WKH FRUUHFWLRQ RQ VLPXODWHG VSHFWUD RI YDULRXV
LQFLGHQW DQJOHV� θ  ��� θ  ���� DQG θ  ��� UHVSHFWLYHO\� 7KH RULJLQDO� XQ�VHOI�DEVRUEHG VSHFWUD DUH FRPSDUHG WR WKH
VLPXODWHG VSHFWUD IRU YDULRXV θ DQG WKH FRUUHFWHG YHUVLRQV RI WKHVH VLPXODWHG VSHFWUD� E� G� DQG I �FRUUHVSRQGLQJ WR
D�F� DQG H� VKRZ WKH GLIIHUHQFH EHWZHHQ WKH RULJLQDO� XQ�VHOI�DEVRUEHG VSHFWUD DQG WKH FRUUHFWHG VSHFWUD LQ EOXH� DV ZHOO
DV WKH GLIIHUHQFHV EHWZHHQ WKH RULJLQDO� XQ�VHOI�DEVRUEHG VSHFWUD DQG WKH FRUUHFWHG VSHFWUD� ZKHUH WKH FRUUHFWLRQV DUH
SHUIRUPHG ZLWK LQFRUUHFW θ� ZLWK ���� LQ JUHHQ DQG ���� LQ UHG� 7KLV GHPRQVWUDWHV WKH DFFXUDF\ RI WKH FRUUHFWLRQ DQG
LWV UREXVWQHVV DJDLQVW PLVPHDVXUHG θ�
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',6&866,21 	 &21&/86,21

:H KDYH LQYHVWLJDWHG WKH EHKDYLRU RI VHOI�DEVRUSWLRQ
GLVWRUWLRQ� $GGLWLRQDOO\� ZH KDYH JDLQHG D IHZ LQVLJKWV
ZKLFK PD\ EH ZRUWK WKH FRQVLGHUDWLRQ LQ GHVLJQLQJ D
IOXRUHVFHQFH�PRGH ;$6 H[SHULPHQW� ,GHDOO\� D VDPSOH
ZLOO EH VXIILFLHQWO\ WKLQ VXFK WKDW VHOI�DEVRUSWLRQ GLVWRU�
WLRQ PD\ EH DYRLGHG DOWRJHWKHU� :H KDYH GHPRQVWUDWHG
WKDW WKLV WKLQQHVV LV W\SLFDOO\ KXQGUHGWKV WR WHQWKV RI DQ
DWWHQXDWLRQ OHQJWK� ,I REWDLQLQJ WKLV GHJUHH RI WKLQQHVV
LV QRW SRVVLEOH� LW LV SUHIHUDEOH WR FKRRVH D VDPSOH RI
> 4.9latt WKDQ LW LV WR FKRRVH RQH RI LQWHUPHGLDWH WKLFN�
QHVV� 7KLV LV EHFDXVH� LQ RUGHU WR FRUUHFW D IOXRUHVFHQFH
VSHFWUXPPHDVXUHG IURP D VDPSOH RI LQWHUPHGLDWH WKLFN�
QHVV� D PRUH SUHFLVH NQRZOHGJH RI 7 LV UHTXLUHG WKDQ
LV UHTXLUHG WR FRUUHFW D VSHFWUXP IURP D VDPSOH RI VLJ�
QLILFDQW WKLFNQHVV� ,I LW LV NQRZQ WKDW WKH VDPSOH 7 LV
> 4.9latt� QR IXUWKHU NQRZOHGJH RI 7 LV UHTXLUHG WR FRU�
UHFW WKH VSHFWUXP DFFXUDWHO\� 7KH FRUUHFWLRQ ZH KDYH
SUHVHQWHG LV EDVHG RQ WKH ZHOO�HVWDEOLVKHG IOXRUHVFHQFH
HTXDWLRQ ���� DQG VLPLODU FRUUHFWLRQ PHWKRGV KDYH EHHQ
SUHVHQWHG EHIRUH� PRVW QRWDELOLW\ E\ ,LGD DQG 1RPD >�@�
KRZHYHU� WKLV FRUUHFWLRQPHWKRG LV XQLTXH LQ WKDW LW WDNHV
LQ DQG SXWV RXW QRUPDOL]HG� EDFNJURXQG�VXEWUDFWHG GDWD�
$GGLWLRQDOO\� LW QRUPDOL]HV E\ µe0+� ZKHUHDV ,LGD DQG
1RPD¶V FRUUHFWLRQ QRUPDOL]HV E\ µe0max >�@�

7KH FRUUHFWLRQ PHWKRG ZH SUHVHQW LV VWURQJ� EXW
WKHUH LV URRP WR LQFRUSRUDWH PRUH SK\VLFDO GHWDLO IRU LP�
SURYHPHQW� )RU LQVWDQFH� LW GRHV QRW H[SOLFLWO\ DFFRXQW
IOXRUHVFHQFH GHWHFWRU JHRPHWU\ DQG YDU\LQJ DWWHQXDWLRQ
IURP SL[HO WR SL[HO RI WKH LQFLGHQW ;�UD\ LQWHQVLW\ RQ
WKH SDWK EHWZHHQ WKH LQWHQVLW\ PRQLWRU DQG WKH VDPSOH
DQG DV DWWHQXDWLRQ RI WKH IOXRUHVFHQFH ;�UD\ LQWHQVLW\
RQ WKH SDWK IURP WKH VDPSOH WR WKH IOXRUHVFHQFH GHWHF�
WRU� KRZHYHU� WKLV PD\ EH UHPHGLHG� WKURXJK WKH XVH RI
WKH 6H$))OX; VRIWZDUH SDFNDJH� ZKLFK FDQ DGMXVW PHD�
VXUHG VSHFWUXP WR DFFRXQW IRU WKHVH DWWHQXDWLRQ IDFWRUV
>�@� 7KLV DGMXVWHG VSHFWUXP FDQ WKHQ EH FRUUHFWHG XV�
LQJ WKH PHWKRG ZH KDYH SUHVHQWHG DERYH� KRZHYHU� DV
%RRWK DQG %ULGJHV QRWHG LQ >�@� WKH HIIHFW RI LQWHJUDWLRQ
RI ��� RYHU WKH VROLG DQJOH RI WKH GHWHFWRU LV UHODWLYHO\
LQVLJQLILFDQW LQ θ + φ = 90 JHRPHWULHV�

$OWKRXJK WKLV FRUUHFWLRQ PHWKRG ZLOO QRW EH SHU�
IHFW LQ DOO FDVHV� ZH EHOLHYH WKDW WKHUH LV OLWWOH URRP IRU
LPSURYHPHQW EH\RQG D FRUUHFWLRQ ZKLFK WDNHV LQWR DF�
FRXQW IOXRUHVFHQFH GHWHFWRU JHRPHWU\ DQG EHDP DWWHQ�
XDWLRQ IURP VRXUFHV RWKHU WKDQ WKH VDPSOH DV LQ 6H$)�
)/X;� DQG WKHQ LQYHUWV ��� DV LQ WKH FRUUHFWLRQ PHWKRG
SUHVHQWHG KHUH >�@� 0RYLQJ IRUZDUG� WKHUH UHPDLQV D
QHHG IRU D ;$1(6 FRUUHFWLRQ LQ WKH JUD]LQJ LQFLGHQFH
UHJLPH�

$87+25 ,1)250$7,21
&RUUHVSRQGLQJ $XWKRU
$LGDQ 5HGG\� &ROXPELD 8QLYHUVLW\ LQ WKH &LW\ RI 1HZ
<RUN� 1<� 86$� DLGDQ�UHGG\#FROXPELD�HGX

)XQGLQJ 6RXUFHV
7KLV ZRUN ZDV VXSSRUWHG LQ SDUW E\ WKH 8�6� 'HSDUWPHQW
RI (QHUJ\� 2IILFH RI 6FLHQFH� 2IILFH RI :RUNIRUFH 'H�
YHORSPHQW IRU 7HDFKHUV DQG 6FLHQWLVWV �:'76� XQGHU
WKH 6FLHQFH 8QGHUJUDGXDWH /DERUDWRU\ ,QWHUQVKLSV 3UR�
JUDP �68/,��

$&.12:/('*(0(176
:H WKDQN $SXUYD 0HKWD DQG 5\DQ 'DYLV IRU WKHLU

VXSSRUW DQG JXLGDQFH�

5()(5(1&(6
>�@ $� ,LGD� 7� 1RPD� &RUUHFWLRQ RI WKH 6HOI�$EVRUSWLRQ

(IIHFW LQ )OXRUHVFHQFH ;�5D\ $EVRUSWLRQ )LQH
6WUXFWXUH� -SQ� - $SSO� 3K\V� ��� ��������� �������

>�@ &�+� %RRWK� )� %ULGJHV� ,PSURYHG 6HOI�$EVRUSWLRQ
&RUUHFWLRQ IRU )OXRUHVFHQFH 0HDVXUHPHQWV RI ([�
WHQGHG ;�5D\ $EVRUSWLRQ )LQH 6WUXFWXUH� 3K\VLFD
6FULSWD� 7��� ���±��� �������

>�@ '� +DVNHO� )/82� &RUUHFWLQJ ;$1(6 IRU 6HOI�
$EVRUSWLRQ LQ )OXRUHVFHQFH 0HDVXUHPHQWV� �������

>�@ -� *RXORQ� &� *RXORQ�*LQHW� 5� &RUWHV� -�0�
'XERLV� 2Q H[SHULPHQWDO DWWHQXDWLRQ IDFWRUV RI WKH
DPSOLWXGH RI WKH (;$)6 RVFLOODWLRQV LQ DEVRUSWLRQ�
UHIOHFWLYLW\ DQG OXPLQHVFHQFH PHDVXUHPHQWV� -RXU�
QDO GH 3K\VLTXH� �� ���� ������� �������

>�@ -� -DNOHYLF� -�$� .LUE\� 0�3� .OHLQ DQG $�6� 5REHUW�
VRQ� *�6� %URZQ DQG 3� (LVHQEHUJHU�)OXRUHVFHQFH
'HWHFWLRQ RI (;$)6� 6HQVLWLYLW\ (QKDQFHPHQW IRU
'LOXWH 6SHFLHV DQG 7KLQ )LOPV� 6ROLG 6WDWH &RPPX�
QLFDWLRQV ��� ������� �������

>�@ 1DWLRQDO ,QVWLWXWH IRU 6WDQGDUG DQG 7HFK�
QRORJ\� 3K\VLFDO 0HDV� /DERUDWRU\� 'DWD
IURP ´;�5D\ )RUP )DFWRU� $WWHQXD�
WLRQ� DQG 6FDWWHULQJ 7DEOHV� $YDLODEOH DW
KWWSV���SK\VLFV�QLVW�JRY�3K\V5HI'DWD�))DVW�KWPO�IRUP�KWPO�

>�@ 5� 0� 7UHYRUDK� &� 7� &KDQWOHU� 0� -� 6FKDONHQ�
6ROYLQJ 6HOI�$EVRUSWLRQ LQ )OXRUHVFHQFH� ,8&U- ��
������� �������

��
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>�@ :�+� 0F0DVWHU� 1� .HUU 'HO *UDQGH� -�+� 0DO�
OHWW� -�+� +XEEHO� &RPSLODWLRQ RI ;�5D\ &URVV 6HF�
WLRQV� $WRPLF 'DWD DQG 1XFOHDU 7DEOHV� �� �������
�������

��

19



$33(1',; $� '(5,9$7,21 2)
)/825(6&(1&( (48$7,21
:H EHJLQ ZLWK %HHU¶V /DZ� ZKLFK GHVFULEHV WKH H[SR�
QHQWLDO GHFD\ RI WKH LQWHQVLW\ RI WKH LQFLGHQW ;�UD\ DV LW
WUDYHOV WKURXJK D VDPSOH DV D UHVXOW RI DEVRUSWLRQ� 6HH
)LJ� , IRU JHRPHWU\�

dI(x)

dx
= −I(x)µt(E) ����

∫ x
sin(θ)

0

1

I(x)
dI(x) =

∫ x
sin(θ)

0
−µt(E)dx ����

I(x) = I0e
−µt(E)x

sin(θ) ����

+HUH� ,�[� LV WKH LQWHQVLW\ RI WKH ;�UD\ DW D JLYHQ GHSWK�
µ LV WKH OLQHDU DEVRUSWLRQ FRHIILFLHQW� HTXLYDOHQW WR∑

i µi =
∑

i µmiρi� ZKHUH ZH LV DQ HOHPHQW ZLWKLQ WKH
PDWHULDO� µmi LV LWV PDVV DEVRUSWLRQ FRHIILFLHQW DQG ρi
LV WKH GHQVLW\ RI D WKH HOHPHQW ZLWKLQ D PDWHULDO� DQG I0
LV WKH LQWHQVLW\ RI WKH ;�UD\ SULRU WR HQWHULQJ WKH PDWH�
ULDO� 7KH DEVRUSWLRQ RI D SKRWRQ GRHV QRW QHFHVVDULO\
UHVXOW LQ WKH UHOHDVH RI D IOXRUHVFHQFH SKRWRQ� )RU LQ�
VWDQFH� LW PD\ UHVXOW LQ WKH UHOHDVH RI DQ $XJHU HOHFWURQ
LQVWHDG� 7KH SRUWLRQ RI DEVRUSWLRQ HYHQWV UHVXOWLQJ LQ
IOXRUHVFHQFH PD\ EH GHILQHG DV ε(E)� D IXQFWLRQ RI HQ�
HUJ\� ,QWXLWLYHO\� WKH WRWDO IOXRUHVFHQFH� Iftot(x) PXVW
EH HTXDO WR Iabs(x)� WKH WRWDO DEVRUEHG LQWHQVLW\ PXOWL�
SOLHG E\ ε(E)�

Iftot(x) = ε(E)Iabs

= ε(E)(I0 − I(x)) = ε(E)I0(1− e−
µt(E)x
sin(θ) )

⇒ dIftot(x)

dx
= ε(E)I0

µt(E)

sin(θ)
e−

µt(E)x
sin(θ) ����

:KHQ D SKRWRQ LV UHOHDVHG IURP DQ DWRP� LW PXVW WUDYHO
WKURXJK WKH EXON RI WKH PDWHULDO EHIRUH DUULYLQJ DW IOX�
RUHVFHQFH GHWHFWRU� 2Q WKLV MRXUQH\� IOXRUHVFHQFH ;�
UD\V DWWHQXDWH DFFRUGLQJ WR %HHU¶V /DZ� $GGLWLRQDOO\� D
JLYHQ HGJH RI D JLYHQ DWRP ZLOO IOXRUHVFH SKRWRQV RI D
FKDUDFWHULVWLF HQHUJ\�Ef  Ex �Eb� ZKHUHEx LV WKH HQ�
HUJ\ RI WKH LQFRPLQJ ;�UD\ SKRWRQ DQGEb LV WKH ELQGLQJ
HQHUJ\ RI WKH DEVRUELQJ HOHFWURQ� )OXRUHVFHQFH SKRWRQV
DUH HPLWWHG LVRWURSLFDOO\� $ IOXRUHVFHQFH GHWHFWRU GRHV
QRW HQWLUHO\ VXUURXQG D PDWHULDO� VR LW GRHV QRW GHWHFW DOO
RI WKH IOXRUHVFHQFH HPLWWHG IURP WKH VDPSOH� ,QVWHDG� LW

GHWHFWV D SRUWLRQ RI Ω
4π RI DOO WKH IOXRUHVFHQFH SKRWRQV

HPLWWHG� ZKHUH Ω LV WKH VROLG DQJOH LQ VWHUDGLDQV DURXQG
WKH VDPSOH ZKLFK WKH IOXRUHVFHQFH GHWHFWRU FRYHUV� 7DN�
LQJ WKLV LQWR DFFRXQW� ZH ILQG�

dIf (x)

dx
=

Ω

4π
ε(E)I0

µt(E)

sin(θ)
e−

µt(E)x
VLQ(θ) e−

µfx

VLQ(φ) ����

:KHUH If LV WKH PHDVXUHG IOXRUHVFHQFH LQWHQVLW\ DQG µf

 µt(Ef ) LV WKH WRWDO OLQHDU DEVRUSWLRQ FRHIILFLHQW DW WKH
HQHUJ\ RI WKH IOXRUHVFHQFH SKRWRQV� $ JLYHQ HGJH RI
D JLYHQ DWRP ZLOO IOXRUHVFH SKRWRQV RI D FKDUDFWHULVWLF
HQHUJ\� Ef  Ex � Eb� ZKHUH Ex LV WKH HQHUJ\ RI WKH
LQFRPLQJ ;�UD\ SKRWRQ DQG Eb LV WKH ELQGLQJ HQHUJ\ RI
WKH DEVRUELQJ HOHFWURQ� :H PXVW QRZ LQWHJUDWH RYHU WKH
HQWLUH GHSWK RI WKH PDWHULDO� )LQDOO\� ZH LQWHJUDWH RYHU
WKH HQWLUH GHSWK RI WKH PDWHULDO�
∫ T

0
dIf (x) =

∫ T

0

Ω

4π
ε(E)I0

µt(E)

VLQ(θ)
e−(µt(E)

VLQ(θ) +
µf

VLQ(φ) )xdx

����

If (T )− If (0) = If =

Ω

4π
ε(E)I0

µt(E)

VLQ(θ)
1

−(µt(E)
VLQ(θ) + µf

VLQ(φ) )
[e−(µt(E)

VLQ(θ) +
µf

VLQ(φ) )T−1]

⇒ If =
Ω

4π
ε(E)I0

µt(E)

µt(E) + µf
VLQ(θ)
VLQ(φ)

[1−e−(µt(E)+µf
VLQ(θ)
VLQ(φ) )

T
VLQ(θ) ]

����

$33(1',; %� '(5,9$7,21 2)
6$'

6$' ≡ µn − If
I0 N

����

:H WKHQ FRQVLGHU ���� DQG ����� \LHOGLQJ�

If
I0 N

=

µnµe0+

µnµe0++β [1− e−(µnµe0++β)L]
µe0+

µe0++β [1− e−(µe0++β)L]

=
(µe0+ + β)[1− e−(µnµe0++β)L]

(µnµe0+ + β)[1− e−(µe0++β)L]

⇒ 6$' = µn[1−
(µe0+ + β)[1− e−(µnµe0++β)L]

(µnµe0+ + β)[1− e−(µe0++β)L]
]

����
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