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Introduction

Multiplicative reasoning is a key concept in elementary-
level students’ mathematical development. A student’s
understanding of multiplication and division relates to
his or her engagement with rational numbers and
fractions (Confrey & Harel, 1994; Norton et al., 2015),
functions and algebraic reasoning (Russell et al., 2011),
conception of equivalence (Singh & Kosko, 2016), and
mathematical arguments (Kosko & Singh, 2016; Morris,
2009). Given the importance of multiplication and
division in the development of students’ mathematical
thinking and learning, it is important to understand the
current state of what elementary children can do with
regards to multiplication and division, and the degree
to which they understand these concepts. Various
researchers examining elementary students’ reasoning
on multiplicative tasks suggest that most third- and
fourth-grade students use variations of skip-counting
strategies (Brickwedde, 2011; Mulligan & Mitchelmore,
1997). Additionally, Steffe (2007) conjectured that as

many as half of students entering middle school operate
with iterating multiplicative schemes (what some may
refer to as skip-counting). 

Since 1973, the National Assessment of Educational
Progress (NAEP) has provided “the most comprehen-
sive indicator available for student progress in the
United States” (p. vii, Kloosterman et al., 2015). It is con-
sistently used as a benchmark within and beyond the
mathematics education community for what students
know, and can do, mathematically. For example, recent
NAEP data suggests that fourth-grade students can eas-
ily solve multiplication problems, but have difficulty
with division (Mohr et al., 2015). Yet, students generally
have less success when asked to explain their strategies
or thinking. One potential reason for this is that some
students may be able to perform procedures, but may
lack a depth of understanding of those procedures. 

In order to better understand observations such as
those made by Mohr et al. (2015), the present study
sought to differentiate whether NAEP items focusing on
multiplication and division are accurate indicators of
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procedural recall or conceptual understanding. Specifi-
cally, we sought to examine what kinds of reasoning
fourth-grade students generally demonstrate in relation
to the responses they provide on multiple-choice items.
To our knowledge, an examination of the validity of
NAEP items in such a manner has not been conducted
or presented to mathematics education researchers or
practitioners. We believe such analysis is critically im-
portant given the weight that NAEP results have on
mathematics education policy decisions in the U.S., and
the importance of multiplication and division as topics
in the elementary school curriculum.

Theoretical Framework

Multiplicative Reasoning
Multiplicative reasoning can be broadly described by the
actions students take when engaging with multiplication
and division tasks. Counting, subitizing, grouping, par-
titioning, and sharing have been identified as essential
elements of multiplicative structure (Mulligan, 2004),
with an initial step of such reasoning beginning with
variations of skip-counting (Outhred & Mitchelmore,
2000). Further development of multiplicative reasoning
requires the reconceptualization of units (Hiebert &
Behr, 1988), including the understanding that a unit can
be equivalent to 1 or be more than 1 (Chandler & Kamii,
2009). Although there are various theoretical frame-
works for multiplicative reasoning, the present study in-
corporates the approach articulated by Scheme Theory
(Hackenberg, 2010; Steffe 1992; Steffe, 1994). In general,
multiplicative schemes require the coordination of at
least two levels of units (i.e., a unit of units), and to de-
velop multiplicative concepts, students require the an-
ticipatory use of such schemes (Steffe, 1994). Following
certain pre-multiplicative schemes are three multiplica-
tive concepts. The first multiplicative concept (MC1) in-
volves the coordination of two levels of units in activity
for which students can take a composite unit as given
and coordinate between two levels of units (e.g., solving
6×4 by counting 4, 8, 12, …). The second multiplicative
concept (MC2) involves the coordination of three levels
of units in activity, in which students can take two levels
of units as given and coordinate between three levels of
units in activity. For example, solving 14×4, a student at
MC2 who has not learned the standard algorithm could
use 6×4 as a starting point and skip count by 4s up from
24 until they have counted eight more 4s. The third mul-
tiplicative concept (MC3) involves the coordination of
three levels of units, as does MC2, but for which schemes
are used in an anticipatory manner (Hackenberg &

Tillema, 2009; Norton et al., 2015; Olive, 2001). For ex-
ample, solving 14 × 4, a student at MC3 who has not
learned the standard algorithm may recognize that 14
groups of 4 can be separated into 10 and 4 groups of 4.
Then, the student may solve the task by adding 10 × 4 and
4 × 4 together. 

Multiplicative reasoning is essential to understanding
contexts that involve multiplicative relationships. Within
school mathematics, this is generally represented using
specific algorithms. However, a student’s ability to solve
a multiplication or division problem through a conven-
tional algorithm does not necessarily reflect conceptual
understanding (Ebby, 2005; Kamii & Dominick, 1997;
Leinwand, 1994; McNeal, 1995). Often, an over-emphasis
on successfully performing the procedures of an algo-
rithm neglects underlying mathematical concepts. For
example, within the context of addition, Narode et al.
(1993) observed that children’s mathematical reasoning
and confidence decreased after they memorized a stan-
dard algorithm. This indicates that although appropri-
ately using algorithms is an important skill, a lack of
understanding an algorithm can negate the algorithm’s
usefulness. 

The NAEP Assessment
The U.S. Department of Education began administering
the NAEP assessment in the 1972-1973 school year with
the goal of administering the assessment periodically
thereafter (Carpenter et al., 1975). Since 1990, the Main
NAEP assessment includes items updated periodically
and is administered to fourth and eighth-grade students
every 2 years, and to twelfth-grade students every 4
years (Kloosterman, 2015). NAEP results are often re-
ported in the press, along with other assessments, as in-
dicators of what students know mathematically. In
regard to multiplication and division, the first NAEP as-
sessment indicated that less than a third of age 9 stu-
dents could solve multiplication and division problems
successfully (Carpenter et al., 1975). Five years later, this
percentage increased to 60% (Carpenter et al., 1980).
More recently, Mohr et al. (2015) reported that success
on multiplication and division tasks generally ranges
from 48% to 85%, with items assessing division showing
more difficulty. In general, these statistics suggest that
elementary students’ understanding of multiplication
and division has dramatically improved since the early
1970s. However, in examining item statistics for a divi-
sion item [specifically, 15,336 ÷ 27 using the long division
algorithm] Mohr et al. (2015) found that “36% incorrectly
chose 17,605 as the quotient, suggesting that they entered
the numbers wrong in the calculator and then ignored



Partitioning a composite unit into 1s.

Partitioning a composite unit into a
smaller composite factor. 

Disembedding with composites to 
find a larger composite unit. 

or did not know how to deal with the decimal value they
saw” (pp.105 – 1 06). In other words, these students did
not recognize a key feature of division. Such an obser-
vation suggests that, probabilistically, a portion of stu-
dents who answered the item correctly also may have an
incomplete understanding of division as well.

Prior study of the validity of NAEP items have pre-
dominately focused on item evaluation by experts in 
education. For example, Sugrue et al. (1995) found that
the majority of NAEP items lack clarity of description in
alignment with specific skills and understandings as-
sessed. A later examination by Daro et al. (2007) found
sufficient alignment between NAEP items and most
states’ standards. However, certain sub-constructs had
too few items, and many items lacked complexity. More
recently, Hughes et al. (2013) examined the alignment
between NAEP items and the Common Core State Stan-
dards for Mathematics (CCSS-M) and overall alignment
(apart from probability and statistics). These various ex-
aminations of item validity relied on the evaluation of
items by experts. Lacking in the literature is an exami-
nation of students’ reasoning in relation to their per-

formance on NAEP items. Furthermore, no such reports
are listed on the Department of Education’s website, or
on other major educational databases. To address this
issue, this exploratory study focused on the convergent
validity of fourth-grade NAEP multiplication items
using student-level data. 

Method

Sample and Measures
Data were collected in May 2016 from 108 fourth-grade
students in a Midwestern U.S. school district. Students
completed an assessment packet that included the mul-
tiplicative reasoning assessment (MRA) and eight fourth-
grade NAEP multiplication/division items. The MRA
completed by participants is the second iteration of the
instrument validated by Kosko and Singh (in press). The
assessment includes 19 items that incorporate length
models corresponding to the multiplicative concepts de-
scribed by Hackenberg (2010). Table 1 presents example
items from the MRA used in the present study. Rasch

Table 1
Example items from multiplicative reasoning assessment.

Category Example items from multiplicative reasoning assessment

Iterating 1s to form a composite unit.

Iterating a composite unit to 
find another composite unit.

Disembedding with 1s to find a 
composite unit. 

Disembedding with composites 
to find a smaller composite unit. 

Pre-Mult

MC1

MC2

MC3
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modeling was used to estimate assessment scores, and
to provide evidence for the reliability and validity of the
assessment. The assessment demonstrated sufficient
item reliability (0.96), suggesting that the MRA can dis-
tinguish between which items have lower or higher dif-
ficulty. The MRA also demonstrated sufficient person
reliability (0.85), suggesting that the assessment can re-
liably distinguish between which individuals have
higher or lower scores (Crocker & Algina, 2006; Wilson,
2005). Theta scores measuring the demonstrated ability
levels of participants completing the MRA suggest
scores above average for fourth-grade students (M = 0.95,
SD = 2.47). Given that the MRA is designed to assess ele-
mentary students’ multiplicative reasoning without the
incorporation of canonical representations of multipli-
cation and division (to avoid assessing memorized facts
or procedures), it is the ideal assessment for examining
convergent validity of fourth-grade NAEP multiplica-
tion items. Furthermore, evidence from student inter-
views and written work on the assessment indicates that
the MRA does well in predicting the kinds of reasoning
fourth grade students use in solving such canonical mul-
tiplication and division tasks (see Kosko, in review for a
full description of the validation process for the MRA).

The eight NAEP items used in the present study are
presented in Table 2 on page 5. All items included were
multiple-choice items from released NAEP items from
the online questions tool (NCES, 2016). Although includ-
ing items from the same year assessment would provide
a better comparison, NAEP releases only a subset of
items used each year. To hedge against the potential
variance introduced by items from different versions of
the NAEP assessment, items were selected only from the
2011 and 2013 version of NAEP (the most recently re-
leased items at the time of this study). Items represent a
cross-section of what NCES (2016) designated as “easy,”
“medium,” and “hard” items. The items shown in Table
2 include the distribution of responses for the sample in
normal text, and the national representative sample in
adjacent italic text. Correct responses are designated
with asterisks. Notably, for all but one item (NAEP_05),
participants in the present study provide correct re-
sponses more frequently than most students nationally.
However, students in the present sample did not use cal-
culators in completing these items, whereas calculators
were permitted for the national sample.

Analysis and Results

To assess convergent validity, Pearson correlation coef-
ficients were calculated for the relationship between
MRA scores and obtaining a correct response to each
NAEP item examined. This provides validity evidence
at the item level, but does not provide such evidence at
the test level. Thus, implications of the current analysis
are limited to item level characteristics.

A summary of the Pearson correlation coefficients is
presented in Table 3 on page 6. Four of the eight statistics
were found to be statistically significant. However, only
one statistic met the minimum criteria for a meaningful
effect size of .30 or above (Nunally & Bernstein, 1994).
The item (NAEP_02) is illustrated in Table 2. On average,
students who provided a correct response on this item
had an MRA score of 1.97, which is considered represen-
tative of coordinating three levels of units. NAEP_02 
effectively asks students to multiply 24 by 6, which con-
ceptually represents a coordination of three levels of
units (such as by adding 20 × 6 + 4 × 6). Thus, the associa-
tion with this level of multiplicative reasoning is sensible.
The average Theta scores for other potential responses
were all near zero (A = 0.20, B = 0.18, C = –0.50). This is
particularly interesting since options B and C were both
related to addition/subtraction, and option A involved
division to obtain that response. Thus, students who
used division to solve this task had a similar level of
multiplicative reasoning to those who used addition or
subtraction to solve it. Given its assessed validity and the
corresponding statistics, such an item is potentially use-
ful in examining the multiplicative reasoning of students
nationwide. 

By contrast, other items had insufficient indicators for
validity. The item assessing solving a division task
(NAEP_04) was found to have a near zero correlation
with MRA scores. In examining average MRA scores per
responses, an interesting pattern emerged that may pro-
vide some direction for improving the item validity 
(A = 0.26, B = 1.43, *C* = 1.63, D = 0.15). Specifically, stu-
dents who answered “B” had similar levels of multi-
plicative reasoning as students who provided the correct
response, “C.” A primary difference between the re-
sponses for B and C is that one includes a decimal and the
other does not. Thus, many students may have treated the
comma as a decimal. Given that many students who 
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Designation Example items from multiplicative reasoning assessment

4 × 50 × 9 =
NAEP_01

2013-4M3 #1

Table 2
First set of eight NAEP multiplication items for fourth grade.

A

180

2.3% (7%)

B

360

3.4% (10%)

*C*

1,800
92.0% (75%)

*C*

1,800
92.0% (75%)

Patty expects that each tomato plant in her garden will bear 24 tomatoes. If there are 
6 tomato plants in her garden, how many tomatoes does she expect?

A

4

19.3% (26%)

B

18

2.3% (8%)

C

30

1.1% (12%)

*D*

144

77.3% (53%)

Which expression has the least value?

A

2 + 7 + 0 + 4

8.0% (19%)

B

(2 × 7) + 0 + 4

2.3% (9%)

C

2 + (7 × 0) + 4

39.8% (35%)

*D*

2 × 7 × 0 × 4

50.0% (36%)

Divide:  27 √15,336

A

0.00176

3.4% (13%)

B

56.78

12.5% (2%)

*C*

568

78.4% (48%)

D

17,605

1.1% (36%)

NAEP_02

2011-4M8 #7

NAEP_03

2013-4M6 #12

NAEP_04

2013-4M7 #4

(47 x 75) ÷ 25 =

*A*

141

54.5% (83%)

B

1,175

15.9% (2%)

C

3,525

23.9% (11%)

D

4,700

1.1% (1%)

NAEP_05

2011-4M8 #1

Multiply:  74 × 16

A

90

2.3% (11%)

B

518

4.5% (17%)

C

1,164

9.1% (15%)

*D*

1,184

80.7% (52%)

NAEP_06

2011-4M12 #6

Which factor of 12 is missing in this list of numbers?  1, 2, 3, 4, ___, 12

A

5

0.0% (23%)

*B*

6

94.3% (47%)

C

8

2.3% (20%)

D

10

1.1% (8%)

NAEP_07

2011-4M12 #10

Ms. Kim has 45 stickers that she wants to give out to 6 students. The students are sitting in a circle. 
Ms. Kim gives out one sticker at a time and keeps going around the circle until all the 

stickers are gone. How many of the students get more than 7 stickers?

A

2

11.4% (12%)

*B*

3

68.2% (47%)

C

5

6.8% (17%)

D

6

12.5% (23%)

NAEP_08

2011-4M12 #13

Note: Percentages in normal text represent the current sample and percentages in gray italics represent the national 
sample as reported by NCES (2016). Letters with asterisks indicate the designated correct response
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NAEP Item Designations

2013
4M3 #1

2011
4M8 #7

2013
4M6 #12

2013
4M7 #4

2011
4M8 #1

2011
4M12 #6

2011
4M12 #10

2011
4M12 #13

.23*
n = 104

.37**
n = 103

.28**
n = 102

.08
n = 95

.10
n = 94

.11
n = 98

.27**
n = 98

.18
n = 98

Table 3
First set of eight NAEP multiplication items for fourth grade.

*p<.05, **p<.01

responded with either B or C may be described as oper-
ating at least at MC2, and a conceptual understanding
of division in this manner may be more representative
of MC3 reasoning, this item may better assess proce-
dural understanding of the long division algorithm and
not the conceptual nature of division itself. Although we
limit our descriptions to only the two aforementioned
items, our item-level analysis yielded similar results
across the eight NAEP items examined. 

Discussion

Analysis of the convergent validity of fourth-grade
NAEP items for multiplication and division suggests
that several NAEP items lack sufficient validity. In other
words, these NAEP items in their current form are not
good indicators of fourth-grade students’ conceptual un-
derstanding of multiplication or division, but may be
better indicators of procedural knowledge. Such a find-
ing is highly significant considering the weight that
NAEP data has on U.S. educational policy. Fortunately,
item analysis suggests some potential revisions for some
items that can not only improve the validity, but also
provide more appropriate estimates of children’s levels
of multiplicative reasoning. The findings of this study
suggest that appropriate steps in validating NAEP items
may not be currently included in the drafting of items.
Examination of the literature indicates many validation
studies include ratings by experts in the field, but no
other study was identified that included student-level
data (i.e., response processes). Thus, a primary implica-
tion of the present study is that NAEP data be inter-
preted with caution, as the validity of some items may
be insufficiently assessed. However, the findings pre-

sented here are from a subset of items on the NAEP as-
sessment with a non-representative sample. Although
the findings have important implications for test design,
they should be interpreted with these limitations in
mind.

There are two significant implications of findings
from the present study. The first is that the present study
is limited to a sub-sample of public-release NAEP items,
and a further study may be needed to determine if the
validity of other NAEP items should be brought into
question. However, this is a particularly difficult task
given the restrictions placed on access to NAEP items
(Kloosterman, 2015). Furthermore, should the findings
in this study be confirmed and also shown to transfer to
other items across topics and grade levels for NAEP,
there is a fundamental question of “what should be done
next?” Thus, the second major implication of the present
study is for those within mathematics education to ex-
amine the nature of items that assess conceptual under-
standing, and not merely procedural recall. The MRA
provides one meaningful starting point for the concepts
of multiplication and division (Kosko, in review; Kosko
& Singh, in press), but other concepts need similar study.
Further, by better understanding the nature of items as-
sessing conceptual understanding, both researchers and
practitioners can apply such lessons directly to mathe-
matical tasks used within the classroom. Both implica-
tions for research provide two possible paths for those
seeking to improve how assessments affect educational
policy and teachers’ classrooms: one seeks to clarify the
nature of the problem and the other assumes the prob-
lem while seeking to clarify potential solutions. Regard-
less of which path researchers and mathematics
educators take, the results of the present study suggest
a strong need for both. 
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