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PREFACE

In an ideal learning environment, students, teachers, and teacher edu-
cators provide mutual support to achieve the common goal of student
understanding. The Spring 2024 edition of the Journal of Mathematics
Education at Teachers College presents three research papers that high-
light both how teachers can best support their students and each other,
through impactful moments in mathematics teaching. The two short
reports explore the theme of impactful teaching moments through the
lens of discrete mathematics, one using manipulatives in teaching prob-
ability and the other through a problem-based curriculum.

Salami investigates the impact of mathematical game play on student
achievement, particularly as a way for teachers to bolster achievement
for female students. Through the use of statistical analysis, this research
examines the effectiveness of mathematical games for secondary school
students in Nigeria, and the gender implications of the results.

Gates and Albert also explore impactful teaching moments, defining
them as “mathematical magic.” Through qualitative research methods,
they illuminate not only the importance of teachers supporting students
in these mathematical moments, but also the importance of educators
supporting other educators in creating such moments through a mento-
ring model that pairs early career teachers with faculty mathematicians.

Enu and Ngcobo analyze pre-service mathematics teachers’ knowl-
edge and understanding of assessment literacy. Using interviews, the
researchers highlight the challenges that pre-service mathematics teach-
ers may face in understanding content knowledge and discuss the rec-
ommendations for teacher educators to help with these misconceptions.

Jimmy Giff
Emma LaPlace

Guest Editors
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Effect of Mathematical Games on
Senior Secondary School Students’ Achievement
in Mathematics According to Gender

Olajumoke Olayemi Salami
University of Johannesburg

Erica Dorethea Spangenberg
University of Johannesburg

ABSTRACT Playing mathematical games helps many senior secondary school students—
especially girls—acquire basic mathematical skills, but it can be difficult. Thus, this study examined
how gender-related mathematical gameplay affects secondary school students' performance. The
design of the study was quasi-experimental. Purposively, a sample of fifty senior secondary school
students from the Federal Capital Territory (FCT) of Nigeria's Abuja Council Area was chosen.
The researcher randomly allocated intact classes to the experimental and control groups using
a coin toss. The students’ achievement level was determined by an algebraic achievement test
administered before and after the treatment. T-tests, means, and standard deviation were used
to analyze the data. According to the study, female students had a higher mean score than male
students when playing mathematics games. The findings imply that mathematical games enhance
mathematics teaching and learning and should therefore be used by teachers to introduce concepts

in mathematics to students of all levels, irrespective of their gender.

KEYWORDS Games, Students, Achievement, Mathematics, Gender

Introduction

Mathematics is an essential component of educational
curricula in most countries. It provides the foundation
for logical reasoning, problem solving, and technologi-
cal innovation. Mathematics is important in many fields,
including physics, engineering, economics, and com-
puter science, since it enhances cognitive abilities. Also,
Nigeria advocates mathematics as a subject of choice
in the secondary school system to prepare students for
postsecondary education and to create a workforce for
job growth and national development.

However, all parties involved in education, especial-
ly mathematics teachers, parents, and the government,
are currently very concerned about students' generally
low academic achievement in mathematics at this level
(Hursen & Bas, 2019). In Nigeria, there is a persistent
reporting of students' low mathematics achievement

on internal and external examinations. For example,
according to the 2019 West African Examination Coun-
cil (WAEC) report, more than 66% of Nigerian students
still need to pass the Senior Secondary School Certifi-
cate Examination (SSCE) in mathematics. Additionally,
the percentage of SSCE passes with credit and above
was 39.5%, 37.5%, 34.2%, and 37.6% in the years 2020,
2021, 2022, and 2023, respectively (WAEC Examiners'
Reports, 2020-2023).

Although there are many applications of mathemat-
ical concepts in different professions and facets of life,
students still perceive mathematics as a challenging
subject to learn and a difficult course to pass. The fact
that mathematics is usually considered difficult is one
of the reasons why students are reluctant to study it in
depth (Nicol, 2017). Many students find mathematics
complex and scary due to its abstract nature. Students,
particularly female students, are inclined to choose not
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to study mathematics as soon as possible. In addition,
many students have negative attitudes toward mathe-
matics, which may significantly impact career choices
and contributions to wider society (Ayebale et al., 2020).
A strategy to change students' beliefs about mathemat-
ics could be mathematical games.

Ogunkola and Knight (2019) opined that mathe-
matical games used in the classroom might positively
influence students' academic achievement in science
and mathematics. Thus, studies on the impact of games
on students” achievement in science have drawn the
attention of numerous researchers (Ayebale et al., 2020;
Moon & Ke, 2020; Rigelman & Lewis, 2023).

In Nigeria, mathematics games enhance learning
by creating an engaging environment and promoting
active participation and problem-solving skills (Aduwa,
2021). Research shows that game-based learning pos-
itively influences mathematical achievement by pro-
viding immediate feedback, encouraging perseverance,
and fostering a positive attitude toward mathematics
(Akanmu & Adeniyi, 2021). Mathematical games are
practical activities that bring about fun, excitement, and
challenges between two or more contestants and simul-
taneously enhance mathematics learning (Khateeb,
2019). Games are mathematical if their strategies, rules,
and results are well-defined by mathematical parame-
ters (Asare et al., 2019).

These games often feature straightforward match
procedures and rules. Mathematical games like Whot
and Ludo show a strong interest in recreational math-
ematics (Moon & Ke, 2020). In most cases, playing or
watching a game is more beneficial than learning arith-
metic theory when it comes to understanding the fun-
damental mathematics of games. Mathematical games
aid students in grasping fundamental concepts in math-
ematics to enhance their arithmetic skills in an engaging
way (Rigelman & Lewis, 2023).

Gok (2020) stated that mathematics is entirely game,
and games are mostly mathematics. Games share many
of the same interactions found in the fundamental
structure of mathematics, such as ratiocination, infer-
ence-making, and creative thought. In this context, it is
convenient to incorporate games into teaching mathe-
matics (Gok, 2020). Incorporating games into the math-
ematics curriculum is one technique to assist students
in learning mathematics while still encouraging fun.
The exciting world of games has a positive impact on
students' attitudes towards mathematics, enthusiasm
to learn, and participation in mathematics lessons. This
approach makes learning settings more engaging for
students (Moon & Ke, 2020).

Mathematical games can help maintain and sustain
student interest, thus leading to good academic results
(National Mathematical Centre, 2023). Furthermore,
Aduwa (2021) claimed that games are primarily meant
for fun and can foster competition and excitement.
Games encourage winners to hold on to their lead, and
losers to work toward overcoming their loss. According
to the National Mathematical Centre (2023), one of the
functions of mathematical games is to foster a positive
attitude toward mathematics. Positive attitudes can
develop because of games' informality and excitement.
Exciting activities tend to be more popular with stu-
dents. Numerous international studies have document-
ed the benefits of using mathematical games in teaching
and learning the subject. For example, in Washington
D.C., Noah (2019) discovered that mathematical games
improve students' comprehension and achievement in
the subject. Also, in Pakistan, Shah et al. (2023) found
that providing students with opportunities to play math-
ematical games and receive special instruction helped
them reach higher achievement levels in the subject.

Also, the variable of gender was considered in this
study. Research on gender and mathematics achieve-
ment has yielded various outcomes over time (Bajwa &
Perry, 2021). However, current research challenges this
assumption, emphasizing the role of social and cultural
factors in affecting academic achievement. While some
early studies revealed fundamental gender disparities,
more recent analyses emphasize the influence of ste-
reotypes and societal expectations in shaping students'
self-perception and academic achievement (Maadi,
2022). The natural and cultural phenomenon known
as “gender” identifies the different personality traits
of men and women, and categorizes in all facets of life
(Bajwa & Perry, 2021; Maadi, Mahadi & Alajimi, 2022).

Research on how a student's gender affects their aca-
demic achievement has not yielded any clear findings
(Korkmazet al., 2023). Therefore, mathematics teach-
ers should constantly incorporate encouragement and
reinforcement to pique students' interest in mathemat-
ics, particularly female students. This study attempted
to determine the effects of mathematical games on the
achievement of mathematics in senior secondary school
students, particularly in relation to gender in Abuja,
Nigeria. The researchers considered the positive impact
of mathematical games on mathematics achievement
and the fact that many female students do not perform
well in mathematics. Thus, this study investigated the
impact of mathematical games on the mathematical
achievement of senior secondary school students based
on gender.
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The Impact of Mathematical Games on
Students’ Mathematical Achievement

Deng et al. (2020) carried out a case study in Shanghai,
China, focusing on using digital games for instruction in
high school students' mathematics classes. The study's
findings demonstrated that students' performance and
engagement in mathematics were enhanced when they
played digital games once a day for six days. Also, Go
et al. (2022) examined how well computer games with
mathematical themes support college students' basic
mathematical skills. Researchers at a state university in
the Philippines carried out a case study that examined
undergraduate programs in information technology,
mathematics education, and industrial engineering.
According to the survey, playing digital games has been
shown to help students' basic mathematical abilities.
In the study of Sam-Kayode and Salman (2022), it was
found that mathematical games help students perform
better in mathematics classes and help to develop stu-
dents’ skills.

The study by Khateeb (2019) investigated the impact
of mobile gaming on mathematical achievement in
Zarqa, Jordan. Their sample consisted of sixty-six fourth
graders divided into the experimental group (n = 34)
and the control group (n = 32). The experimental group
used educational mobile games, while the control group
received instruction via the conventional method. The
study found that using mobile games to provide stu-
dents with instructional support in mathematics is an
effective strategy.

Prior gender-specific research on how mathematical
games affect students' achievement in mathematics in
senior secondary school (Sam-Kayode & Salman, 2022)
produced mixed results. Some suggest that games
encourage participation and problem-solving skills,
although methodological limitations and cultural dif-
ferences remain unsolved. A more rigorous study is
needed. This study investigates how mathematical
games impact senior secondary school students' aca-
demic achievement, with a focus on gender inequali-
ties. It seeks to fill a study gap on the efficacy of games
in improving mathematics learning results, potentially
leading to more inclusive and effective teaching.

Empirical Research on the Influence of Gender
on Students’' Mathematical Achievement

Prior studies on the impact of mathematical games
on students' achievement in mathematics in senior
secondary schools, taking gender into account, have

revealed a mixed picture. While some studies suggest
that mathematical games improve general academic
achievement, gender-specific outcomes differ. Several
studies have found that interactive and engaging math-
ematical games benefit both male and female students
by encouraging a deeper knowledge of mathematical
ideas (Oliweh & Oyem, 2022). However, a subgroup
of studies reveals that the degree of impact varies by
gender, with some games being more effective for one
gender than the other (Buser & Yuan, 2019). Overall,
the convergence of previous studies highlights the
necessity of taking gender dynamics into account when
applying mathematical games in educational contexts,
enabling a nuanced and inclusive approach to improv-
ing learning results.

Due to the contradictory nature of research findings
on gender and mathematics, teachers continue to dis-
agree notably about the impact of gender on students'
achievement in this subject (Liang et al., 2020; Liu &
Hwang, 2020; Akanmu & Adeniyi, 2021; Alsadoon et al.,
2022). Singh et al. (2021) compared the average achieve-
ment ratings of male and female students who learned
numbers using mobile games. The findings demonstrat-
ed that male students outperformed female students
when taught with mobile gaming.

Ellison and Swanson (2023) used competition data
to investigate the dynamics of the gender gap in high
school mathematics achievement. By ninth grade, there
is a noticeable gender difference, and it gets bigger with
time. The gender gap is getting more comprehensive as
a result of gender-related variations in dropout rates,
as well as in the mean and variance of year-to-year
improvement. According to the study, only some girls
achieve significant enough gains to raise their rankings.

Buser and Yuan (2019) used regression discontinuity
analysis to study the Dutch Mathematics Olympiad par-
ticipants on the verge of moving on to the next round.
For boys, they find a small and insignificant dropout
effect of one percentage point, and for girls, a large and
marginally significant dropout effect of eleven percent-
age points. We can use narrower windows and obtain
more accurate estimates due to our significantly larger
sample. The study discovered that girls are compara-
tively likelier to respond by quitting, but we also show
that boys are greatly affected. The difference in effect
between girls and boys in the competition is less sig-
nificant than their point estimates for the Netherlands.

Oliweh and Oyem (2022) focused on the gender
disparities in students' mathematics achievement in a
selected secondary school in Delta State, Nigeria. The
method of stratified random sampling was applied.
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There were eight hundred secondary school students
in the study population. To direct the investigation, a
single research question and hypothesis were devel-
oped. Data were gathered and examined according to
the study's objectives using the Statistical Package for
the Social Sciences (SPSS). The hypotheses were tested
at the significance level of 0.05. The mean variance of
the research hypothesis was examined using the t-test
analysis. The model’s t-test p-value served as the basis
for the decision. Levene's test for equality of variance
supports the homogeneity of the variance. The hypoth-
esis's findings demonstrate no difference between male
and female students' math achievement.

Anokye-Poku and Ampadu (2020) conducted a study
to investigate how girls and boys in Ghanaian junior
high schools felt about mathematics and their success
in the subject. A sample of 360 students was used in
a descriptive survey design. Two tools were used to
evaluate the student's performance: test results and a
semi-structured questionnaire. The findings showed a
statistically significant achievement gap, with male stu-
dents outperforming female students in mathematics.

Theoretical Framework for the Study

Two theories — cognitive development and behavioral
learning — provided the foundation for this study, which
employed mathematical games. On the one hand, play-
ing mathematical games while learning mathematics
leads to cognitive development. Specifically, the study
employed the cognitive development theory to exam-
ine how teachers can use mathematical games to assist
learners in conceptualizing mathematics (Slavin et al.,
2021). According to this developmental theory, student
interaction on relevant tasks improves their grasp of
essential ideas (Ekmekci & Serrano, 2022). Students gain
a deeper understanding of the material they are study-
ing when they interact with other students and have to
explain and discuss each other's points of view (Slavin
et al., 2021). According to the cognitive development
theory, explaining the subject to someone else is one of
the best ways to learn it. Playing mathematical games
encourages more elaborate thinking and frequent expla-
nations, improving understanding depth, reasoning
quality, and long-term retention accuracy (Dimosthe-
nous et al.,, 2021; Liang et al., 2020; Deng et al., 2020).
On the other hand, according to the theory of behav-
ioral learning, students are more likely to commit to
teamwork if teachers give them rewards for their par-
ticipation (Morgan et al., 2019). Therefore, rewards for
individuals and teams should be clear when employing

mathematical contests. Thus, from both of these theo-
retical perspectives, using mathematical games should
result in better student learning.

As a result, this study demonstrated the two main
theoretical stances on using mathematical games in
education: the cognitive development theory, which
emphasizes the effects on students, and the behavioral
learning theory, which emphasizes the students' incen-
tives to complete academic work, such as reward and
goal structures (Slavin et al., 2021). These theories pro-
vide teachers with the framework to design learning
environments catering to a classroom's diverse learn-
ing styles, interests, and abilities. Adopting the the-
ories mentioned earlier suggests that teachers should
break away from traditional methods of instruction
and instead implement innovative strategies like audio,
video, and field trips to give students more ways to
absorb knowledge (Chiang et al., 2019). With the help
of these techniques, students can succeed and learn at
their own pace and style (Esperanza et al., 2023).

Purpose of the Study

The study aimed to examine how mathematical games

affected senior secondary school students' gender-relat-

ed academic performance in mathematics. The precise

goals were to:

® Determine the impact of mathematical game use on
students' mathematical achievement.

* Ascertain how gender affects students' mathematical
achievement when utilizing mathematical games for
teaching and learning.

Research Hypotheses
The 0.05 level of significance formulates and tests the
following null hypotheses:

e There is no significant difference in the mathematical
achievement of students who were taught through
mathematical games compared to their counterparts
who were not.

* The effect of gender on students’ mathematical
achievement when they were taught with mathemat-
ical games is not statistically significant.

Significance of the Study
The following groups will benefit from the results and
recommendations of this study:

¢ Teachers will be provided with mathematical games
to introduce new concepts and to engage students in
learning mathematics.
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e The government or the curriculum developers will
organize regular training workshops and seminars for
mathematics teachers so that their knowledge of math-
ematical game use in the classrooms can improve.

e Scholars contribute vital evidence and guide future
educational practices by providing real evidence to
existing knowledge. The report also identifies gaps in
current knowledge and suggests directions for future
research. This study contributes to the consolidation
of existing knowledge, identifies areas requiring addi-
tional inquiry, and provides a thorough review for
educators, researchers, and policymakers.

e It is vital to highlight that the outcomes of this study
will also be used as a reference for other researchers
who may want to perform similar studies in other
parts of Nigeria.

Limitations

The following limitations are pertinent to this study:

¢ The number of fourth graders randomly chosen from
senior secondary school students in the Abuja Council
Area of the Federal Capital Territory, Abuja, consti-
tutes the study's sample size.

¢ The impact of mathematical games on senior second-
ary school students' academic advancement in mathe-
matics is impacted by contextual limitations in Abuja,
Nigeria, particularly in terms of gender. Sociocultural
factors, educational infrastructure, and gender norms
may all have an impact on the effectiveness of these
activities, making it challenging to attain equitable
results for male and female students.

® Tool and content validity are limited, due to the reli-
ability of the instruments used in this study.

Methodology

Research Design

This study used a quasi-experimental design. The
two groups—one experimental group and one control
group —were instructed in using mathematical games.
While the control group received instruction using the
standard methodology, the experimental group was
exposed to treatments utilizing an instructional strategy
based on mathematical games.

Pre-testing on the experimental and control groups
determined the student’s level of achievement, while
the post-test after the treatment measured the change
in learning outcomes in the groups. In this study, the
mathematical game instructional strategy was the inde-
pendent variable, the student's achievement represented
the dependent variable, and gender (male and female)

was the moderator variable. Using a pre- and post-
test, the researcher was interested in manipulating the
independent variable (game) to observe its effect on the
dependent variable (achievement in mathematics).

Sample

The sample comprised 50 senior secondary school stu-
dents in the fourth grade in the Abuja Council Area of
Federal Capital Territory, Abuja, selected purposively
from a population of 1,086 students. The fourth grade is
the foundation class for senior secondary school class-
es. There were 30 males and 20 females in the sample.
Three schools were selected for the investigation using
simple random sampling. The schools selected for this
study had (1) at least one teacher with a BSc (Ed.) Math-
ematics qualification, (2) teachers that taught mathemat-
ics, and (3) a considerable distance between the other
schools. A coin toss was used in each selected school to
assign intact classes to experimental and control groups
randomly. The experimental group had 16 male and 10
female students, while the control group had 14 male
and 10 female students.

Data Collection

Before the experiment, two research assistants received
training on conducting the experiments, which took place
in one of the schools. The researcher explained the rules of
the algebraic substitution game to the two research assis-
tants and provided an outline of the algebraic expressions
to be taught to learners. The research assistants taught the
students about algebraic expressions over three weeks
before the commencement of the experiment.

The study consisted of two stages: The preliminary
stage and the implementation stage. During the prelim-
inary stage, the experimental and the control groups
were pre-tested using the Algebraic Achievement Test
(AAT) before the teaching. The researcher created the 20
items that made up the AAT. Some examples of algebra-
ic expressions are 3x+2y-5 or 2a’>—4ab+b*.

The study explores the impact of mathematical games
on senior secondary school students' academic achieve-
ment, highlighting the complex interaction with gender
dynamics. It suggests that gender-related issues, cultur-
al barriers, and contextual factors, such as educational
infrastructure and community attitudes, may influence
outcomes. The purpose of the test was to ascertain the
students' entry-level behavior.

During the implementation phase, the topic of alge-
braic expressions, scheduled for two weeks in the math-
ematics scheme of work and four periods per week on
the school timetable, was taught to the experimental and
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control groups. The researcher provided an example of
algebraic expressions, along with guided practice. Vari-
able and verbal expressions were as follows:

(a) Examples of algebraic expressions: (i) x increased
by 6 is x + 6; (ii) the quotient of 18 and n is 18/n

(b) Examples of verbal expressions: (i) x/2 is half of x;
(ii) 5 is five times a number, etc.

The students were taught algebraic expressions
in a 40-minute lesson using eight periods throughout
the two weeks. Following every lesson, students in
the experimental groups solved an algebraic expres-
sion exercise. Students solved questions on algebraic
expressions from the New General Mathematics book
for senior secondary school (Murray et al., 2008).

Thereafter, the students were screened with the
Algebraic Achievement Test (AAT), and those who
scored a threshold of 40 or lower were assigned to one
of four groups, three experimental and one control.
Learners in the three experimental groups played the
mathematical game.

The study aimed to examine the impact of a modified
mathematics game on students' mathematics achieve-
ment in a varied classroom context. A modified version
of "Snakes and Ladders" is used to improve mathemat-
ical learning by adding mathematical questions to each
ladder or snake position on the board.

One group used a collaborative learning model, which
promoted teamwork and cooperative problem solving.
Students in this group explored the mathematical issues
collectively, creating a supportive environment that pro-
moted collective comprehension. Another group engaged
in competitive gameplay, with individuals competing to
answer challenges and to move up the board. This strat-
egy attempted to create a sense of drive and urgency by
imitating real-world problem-solving settings.

A third group utilized self-paced learning tech-
niques, focusing on personalized learning and incorpo-
rating interactive technology to enhance understanding
of mathematical concepts. The teacher supervised the
groups to ensure that they followed the guidelines for
solving algebraic expressions as described by Alsadoon
et al. (2022), which are as follows:

e Each group of students had to work as a team and
reach a decision by consensus.

¢ Every member of the group impacted the achieve-
ment of the others.

e Each assignment received a grade, and each group
member received their group grade as their grade.

e Students could seek help from each other towards
attaining a common goal.

For the post-test, the items in the pre-test (AAT)
were re-arranged. The post-test was administered to all
groups at the end of the mathematics game to assess
what the students have learned. The tests were marked
and graded.

Data Analysis

Descriptive and inferential statistics were employed to
analyze the gathered data. The average and standard
deviation display the pre-test and post-test results. Sec-
ondly, t-test statistics were used at a significance level
of 0.05 to test the null hypotheses.

Quality measures

Three experts critically appraised the face and content
validity of the instrument (AAT). The outcome of the
appraisal of the items based on the experts' judgment
gave a 0.85 index of logical validity.

The validated instrument (AAT) was trial tested to
determine the reliability of the instruments, using 24
students who were part of the study's target population,
but did not form part of the study. Also, the split-half
reliability method establishes the instrument's internal
consistency with a reliability coefficient of 0.84.

The instrument was considered adequate using psy-
chometric item analysis, with an average of 0.56 as the
difficulty index, 0.63 for the discrimination average index,
and -0.13 as the distracter average index for the items.

The researchers implemented the following protocols
to control for unrelated variables that could introduce bias
into the study. The researcher put together a standardized
training program for the teachers who worked as research
assistants. The same research assistants managed the
experimental and control groups. The test instruments
were under the researcher's care, and research assistants
helped only when asked by the teachers and when need-
ed. The researcher assumed a supervisory role in averting
the teachers' departures from the prescribed content of
the lesson plans. The researcher obtained the pre-test and
post-test that the instructors and students gave.
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Ethical considerations

Permission was granted by the ethical committee of the
federal university, Oye Ekiti, to conduct this study. The
researcher sought permission from the principals of the
two selected schools. Consent forms were completed by
students in these schools agreeing to participate in the
study after discussing the students' consent, objectives,
and activities. The researcher ensured that all works
cited were referenced and paraphrased. After consider-
ing all ethical issues, a plagiarism check was conducted
on the study to ensure high originality. The researcher
also sought the support of two mathematics teachers
in the selected secondary schools who served as the
research assistants while administering the treatments
to the experimental groups in their respective schools.

Results

Descriptive statistics were first used to show the partic-
ipants' biographical information, assess the remaining
items' internal consistency, and determine the discrim-
inant validity of the AAT with respect to mathematics.
Second, the inferential statistics analysis focused on the
test statistics of the variables, which included student
achievement and gender. The results are shown based
on the variations in the cross-variable averages
when there were significant differences. It was
determined through descriptive statistics that
there were more male participants (60.0%; 30

Table 1

The Experimental and Control Groups' Mean Gain Scores for
Mathematical Achievement

mean gain was 4.00, while the experimental group's
was 19.65. This result indicates that the experimental
group performed better than the control group in terms
of gain score.

Research Question 2

How does teaching through mathematical games influ-
ence students' achievement in mathematics pertaining
to gender?

Table 2 presents the descriptive statistics on the influ-
ence of gender on students” achievement when taught
with mathematical games. The female students had
higher mean achievement scores (M =45.34, SD =21.72)
than the male students' (M = 40.02, SD = 14.43) for the
pre-test before they were taught through mathematical
games. However, the mean score between these two
groups for the post-test (M = 76.35, SD =21.72 and M =
56.42, SD = 14.43, respectively) increased notably after
they were taught through mathematical games. Thus,
female students outperformed male students.

To establish whether the differences were significant,
correlational statistics were employed using a t-test to
measure the formulated null hypotheses at p < 0.05. A
t-test is employed to determine if there's a significant
difference between the means of two groups, indicating
whether observed variations are statistically meaning-
ful or just due to chance.

out of 50) than female participants (40.0%; 20
out of 50).

Research Question 1

What influence does teaching through mathe-

matical games have on students' mathematics

achievement?

Group N | Pre-test | Post-test | Mean Gain | SD

Mean X7 | Mean X5 | Score Xo-X7
Experimental | 26 | 41.47 61.12 19.65 15.038
Control 24 | 41.38 45.38 4.00 18.13
Sources: Authors’ computation from SPSS

Table 1 presents the experimental and con-
trol groups’ mean gain scores for mathemati-
cal achievement. The pre-test mean scores for
the experimental group (M =41.47, SD =15.03)

Table 2

Descriptive Statistics on the Influence of Gender on Students'
Achievement when Taught with Mathematical Games

and the control group (M =41.38, SD = 18.13) Group | N | Pre-test Mean X; | Post-test Mean X5 | SD
differ slightly. The post-test mean scores, on

the other hand, differed more between these Male 30 40.02 56.42 14.43
groups (M = 61.12, SD = 15.03 and M = 45.38, Female | 20 45.34 76.35 21.72

SD =18.13, respectively). The control group's

Sources: Authors’ computation from SPSS
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Hypotheses 1 Table 3

There is no significant difference in the mathe- The independent t-test of the Experimental and Control Groups
matical acnlevement of students taugnt using S Mean N Df T p
mathematical games compared to their coun-
terparts who were not. Experimental 19.65 26
. 48 5.28 0.0019
Table 3 presents the independent t-test of Control 4.00 24
the experimental and control groups. The dif- Sources: Authors’ computation from SPSS

ference between the experimental and control
groups on the mathematical achievement of

Table 4

students who were taught through mathemat-

The independent t-test of the Experimental and Control Groups

ical games. It is shown that the mathematical

games of the experimental group had a sig- Group N Mean Df T P

nificant influence on students’ mathematics

. . Male 30 16.40
achievement among senior secondary school 48 3.57 0.01
students [t (48) = 5.28, p=0.0019; p < .05], The Female 20 31.01
results of the independent sample t-test are Note: The correlation, denoted by p, is significant at the 0.05

displayed in Table 3; the t-test value is 5.28,

probability level

the degree of freedom is 48, and the p-value is

0.0019. The experimental group's mean is statistically
higher than the control group's because the p-value is
less than the 0.05 significance level. It is therefore assert-
ed that there was a noteworthy distinction in the aca-
demic performance of senior school students who were
taught mathematics through mathematical games and
their counterparts in the control group. This demon-
strated that the experimental group's usage of mathe-
matical games significantly influenced their academic
performance.

Hypotheses 2

The effect of gender on students' mathematical achieve-
ment when they were taught with mathematical games
is not statistically significant.

Based on Table 4, the result showed that gender had
a significant influence on mathematical games among
senior secondary school students [t (48) = 3.57 p=0.01;
p > 0.05]. Since the p-value is lower than the threshold
of 0.05 significant coefficient, female students (mean =
31.01) made progress using mathematical games, com-
pared to male students (mean = 16.40) on mathematics
achievement. Therefore, it implies that female students
perform better than male students after being exposed to
mathematical games.

The mean gain scores of the students who participat-
ed in the math achievement tests are displayed in Table
4 according to their gender. When teaching mathematics
through mathematical games, the mean gain score for
female students was (x=31.01), whereas the mean gain
score for male students was (x=16.07). Female students'

mean gain scores were 14.94 higher when exposed to
mathematical games than male students.

At the 0.05 level, both statistical tests assumed a sig-
nificant correlation: the differences between the male
and female variables were statistically significant. Con-
sequently, female students made notable progress when
taught mathematics using mathematical games.

Discussion and Conclusion

According to the study, teaching through mathemat-
ical games in senior secondary schools significantly
increased students' mathematics achievement (M =
61.12, SD = 15.03 and M =45.38, SD = 18.13). The exper-
imental group's mean was (x=19.65), while the control
group's mean was (x= 4.0). The results show that the
experimental group of students who played a math-
ematical game while learning the subject had higher
mean scores than the control group of students who
did not. Akanmu and Adeniyi (2021) investigated the
impact of mathematical games on students' achievement
in mathematics and discovered that it helps students
perform better in the subject. As a result, compared to
students taught without games, students taught with
mathematical games produced noticeably better results
in mathematics. Students could have achieved better
when taught with mathematical games, as mathemat-
ical games illustrate theoretical and abstract concepts
with concrete examples, which facilitate effective math-
ematics teaching and learning.
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It is also evident from the study that female students
outperformed male students, with the female students'
mean value (x=31.01) being higher than the male mean
value (x=16.40). The games were effective for male stu-
dents in raising achievement and cultivating a positive
attitude toward mathematics, despite their initial lack
of enthusiasm. This was confirmed when they were
encouraged to play. Mathematical games are valuable
learning opportunities for both students and teachers,
according to the teachers who oversaw their supervi-
sion. This finding corresponds with the findings of Yeh
etal. (2019) and Ayebale, Habaasa, and Tweheyo (2020),
who affirmed that female students exposed to mathe-
matical games had a mean gain score higher than their
male counterparts. Thus, gender significantly influ-
enced students’ achievement when mathematics was
taught using mathematical games.

Given the identified factors, mathematics teachers
should expose both genders to constructivist teaching
methods, such as computer game instructional strat-
egies (Noah, 2019), as mathematical games positively
influence mathematics achievement. Students should
learn by doing, taking an active role in building their
understanding. Teachers should utilize mathematical
games to help male and female students reach their
maximum potential. It is, however, essential to note
that female students benefit more from being exposed
to mathematical games. Thus, teachers should expose
female students to mathematical games that attract
their interests.

Aslack of interest in mathematics is a notable reason
for student failure in the subject, mathematical games
for teaching mathematics classes may hold a more sig-
nificant promise of regaining students' achievement in
mathematics, especially for female students.

This study examined how mathematical games
affected the mathematical achievement of senior sec-
ondary school students in terms of gender in Abuja,
Nigeria. According to the results, teaching through
mathematical games significantly improved students’
achievement in mathematics. Also, female students
achieved higher scores than male students when taught
through mathematical games.

The findings imply that teaching through mathemat-
ical games can enhance mathematics achievement and
that mathematical games should, therefore, be used by
teachers to introduce mathematics concepts to students
at different levels. Mathematical games can create a

friendly atmosphere for student-centered teaching and
learning to engage students in learning mathematics
concepts. By organizing regular training workshops
and seminars for mathematics teachers, teachers’
knowledge of mathematical games can improve. School
administrators should provide teachers with simple
local games like Whot, Ludo games, and playing cards
to facilitate the teaching and learning of specific topics
in mathematics. However, using mathematical games
in teaching is inadequate in accounting for continuous
achievement disparity between males and females in
mathematics across senior secondary schools in Abuja.
Other factors such as the students' attitudes, self-effica-
cy, and ability levels should also be considered.

The study was limited to two senior secondary
schools in an urban area in Nigeria. The authors sug-
gest similar research in other contexts. Studies compar-
ing urban and rural senior secondary school students’
mathematics achievement when taught through math-
ematical games are also recommended. The authors
further suggest using online mathematical games in
longitudinal studies to follow students” progression in
learning mathematics.

Parents may use the outcome of this study to provide
educational games to their children at home to engage
them in mathematics. Such games can provide oppor-
tunities for monitoring, advising, and encouraging their
children toward positive achievement in mathematics.

Overall, including mathematical games into exper-
imental investigations, together with a variety of
gameplay methodologies, proved to be a novel and
successful method for improving students' mathemat-
ics efficacy and achievement. Curriculum planners may
find teaching with mathematical games beneficial when
designing programs for mathematics teachers. The gov-
ernment may also appreciate and use the study's find-
ings to improve and implement the general objectives
of mathematics education as drawn up by the Federal
Republic of Nigeria (FRN).

Teaching through mathematics games may make
students more focused and willing to dedicate consid-
erable time to engage in mathematics in the classroom.
Teaching mathematics to senior secondary school stu-
dents through games improves their academic achieve-
ment. Hence, teachers need to develop themselves by
using mathematical games to enhance students' aca-
demic achievement in mathematics.
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ABSTRACT Mathematical magic, or experiences of beauty and creativity for K-12 mathematics

students, can contribute to deepened content understanding. However, creating opportunities for

mathematical magic in mathematics classrooms has been a challenge for classroom practitioners.
To support development of these experiences in classrooms, we deployed a bi-directional support
program between a college-level mathematician and an early-career secondary teacher. Based on

data collected from this project, we have identified four principles that will promote mathematical

magic. We conclude that mathematicians and early career teachers can work together to a) leverage

understandings of the nature of mathematics, b) apply meta-mathematical reasoning, c) share

knowledge of content and students across contexts, and d) recognize students’ mathematical

development to design learning experiences for mathematical magic.

KEYWORDS: Mentoring, early-career teachers, mathematics faculty

[W]hat's really challenging for me is one of the best
things that I did for my own education was these num-
ber theory classes and these proof writing classes. I feel
a lot of the magic of it is missing from my classes. You
know, the power of looking through data and looking
through numbers and coming up with some conjec-
ture, then proving or disproving it. And that intense
feeling, although it has been discovered before, in the
moment, you feel like you are a genius. Or you are the
only one that’s ever discovered it. It's almost like a feel-
ing of creation [...] It's how I imagine maybe artists feel
sometimes, when they feel like they’ve made something
through their own devices.

—Ms. Jackson, a teacher participant

Experiences of mathematical magic, or the creativity
and beauty in mathematics, as described by Ms. Jackson,
have been associated with positive mathematical iden-
tities (Palmer, 2009), increased interest in mathematics
(Brinkmann, 2009), and deepened mathematical under-
standing (Cellucci, 2015). These approaches align with

how mathematicians describe their own disciplinary
experiences: beautiful, personal processes of doing (Bur-
ton, 2007). However, this kind of magic is often missing
from secondary classrooms, according to teachers (Karp,
2008). At the post-secondary level, some mathematicians
describe teaching as procedural communication where
students must identify the underlying beauty (Burton,
2007). Therefore, students at the K-16 level do not always
experience mathematical magic, despite its importance
to both teachers and mathematicians. Further, a majority
of the research about college-faculty mathematicians in
mathematics education has been in their own post-sec-
ondary contexts (e.g., Burton, 2001; Nardi, 2008; Sfard,
1998), rather than at the K-12 level, so how they might
support beginning teachers is not widely understood.
Here, we propose to examine how the dual expertise of
a beginning teacher and a professional mathematician in
a mentoring relationship might be leveraged to produce
mathematical magic within secondary schools.

To better understand how such an interaction might
look, we completed an exploratory study associated

CONSIDERING OPPORTUNITIES FOR MATHEMATICAL MAGIC: DESIGN PRINCIPLES FOR A MATHEMATICIAN-

EARLY CAREER TEACHER MENTORING MODEL

13



14

with Exemplary Mathematics Teachers for High Needs
Schools (EMTHNS). As part of a larger project, teachers
in their first four years of teaching were mentored by
both college-faculty mathematicians and experienced
secondary mathematics teachers. In this paper, we focus
on the teacher-mathematician relationship and propose
four principles that leverage the expertise of mathema-
tician and teacher to create a vision for mathematics
classroom practice that includes mathematical magic. In
what follows, we will begin with the relevant literature
and describe the complete program in which teachers
and mathematicians participated. Based on data analy-
sis, we propose design principles for similar mentoring
programs. The concluding section presents implications
for the field.

Situating the Challenge of Mathematical Magic

This project is situated in the literature about experienc-
es of the aesthetic of disciplinary mathematics and men-
toring of early career mathematics teachers. Here we
explain how the concept of mathematical magic relates
to the literature on aesthetics in K-12 classrooms. We
will also describe some of what is known about faculty
mathematicians in mathematics education research and
mentoring early career mathematics teachers.

Considerations of aesthetics in mathematics
classrooms

The concept of mathematical magic, the appreciation of
the aesthetic of mathematics, is important for teachers
because it allows them to see themselves in the disci-
pline (Hobbs, 2012). For learners, aesthetic consider-
ations have been shown to support the development
of a positive mathematician identity (Palmer, 2009)
and to stimulate interest in mathematics (Brinkmann,
2009). Mathematical aesthetic also can provide a route
toward a deeper understanding of the discipline (Cel-
lucci, 2015). Additionally, it is essential to mathemat-
ical creativity (Brinkmann & Sriraman, 2009) and the
judgement of problem posing in mathematics (Cres-
po & Sinclair, 2008). For professional mathematicians,
mathematics is a beautiful, personal process of doing
or, in our words, magic (Burton, 2007).

At the post-secondary level, for some faculty, mathe-
matics teaching is procedural communication where stu-
dents leverage procedure to identify underlying beauty
(Burton, 2007). Other research centers teacher candi-
dates’ development of content and pedagogical knowl-
edge through problem solving and inquiry (Apkarian
et al., 2023), developing mathematically-focused art (An
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et al.,, 2023), or conjecture-building activities (Meagher
et al., 2020) that could lead to mathematics magic. Thus,
PTs may or may not have been exposed to experiences
of mathematical magic.

Similarly at the K-12 level, mathematical aesthet-
ics have not always been a central concern (Sinclair &
Crespo, 2006). In fact, Karp (2008) argues that teachers
suggest beautiful mathematics exist outside of the math-
ematics curriculum. However, recent studies attempt to
better define creativity and determine how to encourage
it at the K-12 level (e.g., Assmus & Fritzlar, 2022; Lu &
Kaiser, 2021). Furthermore, practices that support magic
are not sufficient to provide equitable and empowering
mathematics experiences for traditionally underserved
students because attention to students’ cultural back-
grounds is critical (Battey, 2013). Therefore, there is
space for collaboration to ensure equitable approaches
to creativity in the K-12 classroom.

Faculty mathematicians in mathematics
education research

Mathematicians target two major ideas in courses for
prospective teachers (PTs) to understand: the math-
ematical content and the meta-mathematical expe-
riences, such as the aesthetics, proof, and uses of
mathematical definitions (Leikin et al., 2018). Howev-
er, a lecture does not necessarily convey these kinds of
messages to students, even at the post-secondary level
(Lew et al., 2016).

In parallel research, due to their different pro-
fessional roles, professional mathematicians tend to
attend to what students learn, while teachers tend to
focus on how students learn (Wade et al. 2016). There-
fore, mathematicians, mathematics educators, and
mathematics researchers can use different expertise to
support learners (Bass, 1997). Mathematicians involved
in mathematics education act at the boundaries to
transform classroom practice, in both K-12 and the
post-secondary classrooms (Darragh, 2022). This men-
toring program seeks to support participating teachers
and mathematicians to work synergistically to support
mathematical magic.

Existing mentoring models

Mentoring and induction programs have supported
early-career teachers to stay in the profession, increase
scores on classroom practice measures, and improve
student achievement (Ingersoll & Strong, 2011). Other
benefits for both mentor and mentee are productive
relationships with colleagues, reflection on practice or
subject matter, professional development, and personal



satisfaction (Ehrich et al., 2004). Additionally, field-
based mentoring programs can encourage new teach-
ers to change beliefs about groups of students (Garza &
Harter, 2016). A constructivist mentoring relationship,
rather than transmission-style, supports first-year teach-
ers with their self-efficacy, enthusiasm, job satisfaction,
and emotional support (Richter et al., 2013). Reported
challenges for mentees and mentors include lack of
time, professional or personal mismatch, a non-produc-
tive relationship, and additional programmatic commit-
ments (Ehrich et al., 2004).

Research suggests that a content mentor plays a
unique role in developing content knowledge and
could bolster novice teachers in developing student
disciplinary thinking (Achinstein & Davis, 2014; Wang
& Paine, 2001). There is limited research on mentoring
between professional mathematicians and beginning
teachers. In reporting on Math Circles where faculty
and teachers worked together, college faculty described
extending their pedagogical knowledge and conversa-
tions and teachers identified deepened content knowl-
edge as well as expanded repertoires of classroom
approaches (Cushman et al., 2023). Further, a mentoring
model between PTs and faculty has suggested, among
other parameters, that well-established mentoring
guidelines and clear communication channels between
stakeholders in the project strengthen the program
(Hodge et al., 2019). In aligned research on appren-
ticeship programs that invite science teachers to spend
summers assisting scientists an increase in discourse
practices, collaboration, changes in classroom practic-
es (Sadler et al., 2010), changes in pedagogical beliefs
(Miranda & Damico, 2013), and beliefs about the nature
of science (Baker & Keller, 2010) have been identified. In
sum, teacher exposure to subject matter experts can pos-
itively impact their classroom practice, when appropri-
ately framed. The program described here was designed
to benefit to both the teacher and the mathematician as
described by Cushman et al. (2023).

Initial mentoring model and purpose

The mentoring model described here was part of a
larger preparation and professional learning program
designed to support beginning teachers. The five-year
program was created to support individuals with strong
content preparation to enter and stay in secondary
teaching. The two-way mentoring model was conceived
to provide beginning teachers with both a mathemati-
cian and a master teacher mentor, starting from their
preservice year and continuing during their first four

years of teaching (Albert, 2019). In the first year of the
program, beginning teachers completed a one-year
Master’s program and associated student teaching for
an initial state credential. Each fellow joined a “high
needs” district, as defined by grant funders, in a small
or medium sized city. During subsequent years, in addi-
tion to mentoring, beginning teachers participated in a
professional community of mathematicians and mathe-
matics educators attending monthly meetings and four
research colloquia per year. In the monthly seminars,
mentors and mentees examined problems of practice in
the context of contemporary research. The mathematics
education colloquia featured practitioners, educators,
and researchers in the field of mathematics or mathe-
matics education. The focus of this study is on the men-
toring relationship between the beginning teacher and
the mathematician.

For the faculty-teacher mentoring pair, pairs met at
least twice per year for a pre-meeting, a classroom obser-
vation, and a follow-up meeting. Mentors and mentees
were also able to contact each other virtually. Mathema-
ticians were not required to use an observation protocol,
but were provided with questions to direct their obser-
vations. Additionally, pairs attended monthly seminars
and colloquia together.

Methods

The study used qualitative, inductive content approach,
guided by Elo and Kyngés (2008), to extract design prin-
ciples for a mentoring program between a beginning
teacher and faculty mathematician that promoted math-
ematical magic. The data comprised an approximately
60-minute, individual, semi-structured interview with
each participant. Participants included seven beginning
teachers and three mathematicians. Each teacher had an
extensive mathematics content background - six held
undergraduate mathematics degrees, and one an engi-
neering degree. Multiple fellows had double majors in
subjects including English literature and art. However,
the teachers’ experiences in schools were more varied,
with some who had previously been classroom teach-
ers and others who had not worked in schools profes-
sionally. At the time of their interviews, faculty mentors
had 10 to 40 years of university experience. Two were
current faculty, and one was retired. Two were primar-
ily research mathematicians, while one was primarily a
teaching professor.

Because this was a new program, we took an explor-
atory approach to analyzing the data, using an inductive
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content analysis, starting with open coding, creating cat-
egories and associated memos, and abstracting themes,
in this case design principles, from interviews (Elo &
Kyngas, 2008). Further, because the purpose of these
analyses was to improve the mentoring between a math-
ematician and a teacher, special attention was paid to the
interactions around mathematics content and pedagogy.
Known issues in mentoring were not targeted because
while significant, we focused on the unique aspects of
this program.

Results

From the analysis, it was apparent that both participat-
ing teachers and mathematicians wanted to share with
their respective students’ ideas of mathematical magic.
Participants shared a common love for the discipline
of mathematics and found mathematics intellectually
satisfying. The focus of the results section are the four
emergent principles for designing a similar program.

Principle 1: Determine what constitutes
mathematical magic

All participants described complementary ideas of
what constitutes mathematical magic. One participat-
ing mathematician suggested that mathematical magic
emerges by using what is known to understand what
is unknown. He stated, “mathematics is a lot about
pushing boundaries. [...] What happens if we push our
boundaries and look for larger and larger structure or
different sort of universes to explore?” The mathema-
tician emphasized both a disciplinary principle, exam-
ining mathematical structure, and a creative process,
problem posing.

A teacher described a complementary conception
mathematical magic — leveraging patterns to identify
generalizations. The teacher stated, “finding ways to
capture patterns that we see [...] finding ways to cre-
ate structure out of the abstract ideas.” This teacher also
provided a disciplinary practice, pattern seeking, and a
creative process central to the discipline, generalization.

In undertaking a mentoring program, we suggest that
teachers and mathematicians discuss what mathematics
is and their own experiences of mathematical magic. The
focus should be on both the central disciplinary concerns
and how those concerns can support creative mathemat-
ical endeavors. As they come to a shared definition of
mathematical magic, mentoring pairs can then proceed
to think about lesson designs that might support it.
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Principle 2: Apply knowledge of
metamathematical reasoning to design for
mathematical magic

Both participating teachers and mathematicians
believed that the teachers” mathematical subject mat-
ter knowledge was well developed for their careers as
secondary teachers. However, all participants thought
mathematicians could bring expertise in metamath-
ematical reasoning to the K-12 classroom. Meta-
mathematical reasoning is an understanding of the
organization of the many sub-fields of mathematics,
how mathematical knowledge relatively situated, what
should be focused on, and how to differentiate between
conventions, axioms, theorems, and so on (Dawkins &
Roh, 2016). Mentoring pairs felt this metamathematical
expertise would be useful to support beginning teach-
ers to a) locate mathematics content in the mathemati-
cal universe and b) identify the kinds of skills, habits,
procedures, and understandings that would best serve
secondary students.

One teacher described that completing a more rigor-
ous version of a high school proof would help her to,
“get some better intuition looking at these high school
concepts and how can I connect them to something that
I might not be thinking of.” Thus, mentoring could help
beginning teachers understand how to fit a particular
mathematical idea into a larger mathematical world,
supporting their continuing development of metamath-
ematical reasoning.

Secondly, while teachers bring expertise in the design
of their secondary courses, a mathematician might aid a
teacher to understand how to organize and locate those
concepts within the mathematical universe beyond the
existing curriculum. One mathematician thought he
could do this be encouraging task design that supports
students to ask questions like, “[Is this] something that
works in a specific case or works in a specific type of
situation, but does it work in a broader class of situa-
tions? How?” In this way, the mathematician and teach-
er could collaborate to identify how the mathematical
topic might have implications for additional study.

Finally, metamathematical reasoning is also useful to
identify mathematical objects, procedures, or habits that
would serve secondary students to achieve a deep level
of mathematical understanding. A beginning teach-
er described the metamathematical guidance that she
would hope to gain in the mentoring relationship,

What are...essential things that you want to instill [in
the secondary classrooms] so that later on, you will



be successful? How would you really think about
that in a purely mathematical way, including those
mathematical concepts that students need to know or
maybe we know how to teach these concepts better?

Specifically, the teacher was seeking mathemati-
cally-focused advice around which aspects of an idea
should be emphasized and extended.

A focus on metamathematical reasoning could pro-
vide additional support for mathematical magic. Spe-
cifically, a deeper understanding of the mathematical
universe might provide secondary students with addi-
tional skills to recognize the creative possibilities and
intellectual challenges in mathematics. For the mentor
pairs, we would suggest programming to discuss and
identify metamathematical reasoning.

Principle 3: Sharing knowledge of content and
teaching/students across contexts to create
opportunities for mathematical magic
The mentoring pair described that there were some
shared practices that translated between secondary and
post-secondary contexts. One mathematician described
it as bringing, “the experience of a million years as a
math teacher.” Based on the data, a mathematician’s
teaching experience might provide transferable exper-
tise in a) describing and organizing problem-solving
approaches, b) identifying and addressing student
misconceptions, and c) sequencing and tying content
together. According to one mathematician, "[a]n advan-
tage for me is the sense that they know I can't really
comment with any depth of knowledge about managing
the classroom" or other aspects of the secondary con-
text, but can really focus on the transferable expertise.
However, transferring between contexts can be chal-
lenging. One mentoring pair had a conversation connect-
ing curricular content to undergraduate mathematics,
but the beginning teacher left the conversation thinking,
“I'would love to share the information that you're telling
me, but how could we break it down [for secondary stu-
dents]?” On the other hand, another beginning teacher
was struggling to help ninth-grade students understand
formulas for surface area and volume without using
ideas from calculus. After a conversation, the beginning
teacher reported that the mathematician-mentor, “was
definitely helpful in giving me ways that I can answer
those questions to a group of students without the use of
calculus.” While many mathematics teachers might pro-
vide this kind of support, the faculty mathematician’s
focus on mathematical ideas, rather than the secondary
context, provided an opening for this conversation.

To address the challenges of translating expertise
across various mathematical contexts, we suggest cre-
ating a space for explicit conversations about which
student experiences of content are parallel, which are
transferable with consideration, and which are not.
Through these conversations, mentor pairs can begin
to address how to design lessons that best harness their
joint expertise and provide fertile ground for mathemat-
ical magic. Sinclair (2003) suggests that providing diverse
perspectives on particular mathematical concepts, these
discussions may also encourage real mathematical learn-
ing in addition to maintaining teachers' and students'’
interest in the content. In future iterations, beginning
teachers might visit their mathematician-mentors’
classrooms to initiate these conversations. Teachers and
mathematicians can work alongside each other to design
classroom experiences that highlight the why, which
may lead to innovative experiences for themselves and
students across contexts.

Principle 4: Embracing teachers’ expertise in
students’ mathematical development to create
mathematical magic

Throughout the mentoring experience, mathemati-
cians repeatedly noted that the beginning teachers had
expertise in supporting their students and managing
the numerous other requirements for teachers. One
mathematician noted that in the face of their mentee’s
classroom challenges, “it makes me kind of question
my mantra that the math content is always primary.”
In addition to the pedagogical expertise, mentors also
referenced how teachers’ knowledge of adolescent
development influences their content decisions. The dif-
ference between secondary and post-secondary levels
was described as “a different tenor,” by one mathema-
tician, saying, “it is also part of connecting to mathemat-
ics as a whole. [...] I like that it is a vertical viewpoint.”
Beginning teachers need to understand both their stu-
dents” psychological development and mathematical
learning trajectory.

Given what teachers know about students” develop-
ment trajectory, a mathematician recognized that this
was displayed in how teachers choose to deploy math-
ematical activities. In the following, a mathematician
outlines how the teacher he was mentoring used her
knowledge of students to prepare them to learn. The
mathematician stated:

[The students] played an online game and they had

to name the type of triangle [...] And I thought, you
know, this teacher's done no content and just teaches

CONSIDERING OPPORTUNITIES FOR MATHEMATICAL MAGIC: DESIGN PRINCIPLES FOR A MATHEMATICIAN-

EARLY CAREER TEACHER MENTORING MODEL

17



18

them terminology. And then I noticed that the stu-
dents really liked the game, and they really liked that
they could name the different types of triangles. [...]
I was very surprised at how successful that was, and
the last, maybe a third of the class, she's starting to
talk about theorems in geometry [...] and the students
were ready to listen.

Because university students are primarily adults, it
is assumed they will be primed to learn the material as
it is being presented. For this mentee, though, it was
important for the students to be successful before they
were ready to learn. Another mathematician expressed a
similar sentiment, pointing out that his mentees needed
to “intentionally [engage] individual students by asking
questions or by talking to them,” which was different
from his experience at the university level.

We anticipate that the application of this design prin-
ciple will support Principle 3. Beginning teachers have
expertise in how individual development and engage-
ment mediates the learning of the content. When con-
sidering how to design for mathematical magic, teachers’
knowledge of their students and the resulting devel-
opmentally appropriate a sequence are essential. And
while mathematical magic is a worthy goal, it might be
experienced in very different ways by different students,
and thus, teachers’ expertise will be invaluable in any
curricular designs.

Mentoring Program Challenges

In this section, we will highlight the two major chal-
lenges that arose in the program. These challenges are
separate from the design principles, but still focused on
the context of a mathematician-beginning teacher pair.
Beginning teachers and mathematicians, by program
design, work in different institutions. This results in two
challenges that include: a) not being in proximity when
challenges arise and b) having allied but not identical
professional roles.

The first challenge arose when beginning teachers
noted issues, in planning or classrooms, that need to
be addressed quickly and cannot always be predicted.
The mathematician mentors were not necessarily in the
teachers’ immediate physical space when such questions
arose, due to working at different institutions. Some of
this can be addressed by scheduling regular one-on-one
meetings and encouraging video conferencing or other
virtual mode of communication. We anticipate that this
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will increase the accessibility and regularity with which
teachers can approach mathematicians for support.

The second, perhaps more challenging, issue was
that some teachers felt that the mathematicians could
not necessarily engage with issues that they faced as
beginning teachers. For example, mathematicians did
not necessarily have experience with “students specif-
ically two, three, four grade levels behind” their peers.
Secondary teaching is done within the context of schools
with adolescents, while mathematicians do mathematics
in research groups or teach adults. Generally, the math-
ematicians had little or no exposure to schools, beyond
their own or their children’s schooling. While each of
them had an investment in mathematics education, most
of their professional time was not spent in K-12 schools.
Both beginning teachers and mathematicians noted that
the mentoring experience providing a grounding in the
realities of classrooms for mathematicians. However,
we suggest that in a revision of this program, we can
unpack these different professional experiences and cen-
ter the conversations in mathematical magic.

Limitations of the Current Study

Because our teachers serve populations of students that
included racial, linguistic, and SES diversity in districts
identified as “high needs,” attention to issues of power
and equity in mathematics classrooms is required for
their work and also need to be addressed in undergrad-
uate and graduate education. During the course of the
larger mentoring program, mentoring pairs attended
colloquia focused on equitable practices in mathemat-
ics teaching. Despite this, the mentoring pairs did not
report an explicit focus on equitable practices in the
teaching of mathematics. The lack of attention to equi-
ty and justice issues in conversations around mento-
ring may have contributed to the teachers’ ideas that
mathematicians could not interact about the realities of
their schools.

In our full data set, issues of structural inequality
and effects on the classroom were mentioned briefly
in the mathematicians” observations. This discussion
did not extend to help learners navigate their realities
or how the various identities of these learners might
impact their experiences in mathematics. We suggest
continuing to provide additional programmatic rein-
forcement to support growth in both sets of profession-
als. Considering equity is an essential part of designing
for mathematical magic.



Closing Thoughts

The principles outlined here are not the only way that
a mathematician and a secondary teacher can contrib-
ute to a mentoring relationship through mathematical
magic. Some of our lingering questions relate to issues
that arise from this relationship, and these questions
may or may not be related to this goal. However, this
kind of mentoring relationship can be useful because
it provides some direction for doing something that
both teachers and mathematicians, at least those who
are participating, wanted to do but were unsure of how
to complete.

Additionally, we do believe in the promise of this
goal. While the aesthetics of mathematics have previous-
ly been identified as frivolous or elitist, they are, in fact,
closely linked to areas of student engagement and intrin-
sic motivation that, when carefully considered, could
have a social justice purpose in mathematics education
(Sinclair, 2009). Lockhart (2009) argues that students are
often required to engage in formalism throughout their
K-12 schooling before they are given the opportunities
to experience mathematical creativity in post-secondary
education. Lockhart has been criticized for not focusing
on addressing these issues systematically, rather than
individually (Tossavainen, 2014). For these mentoring
pairs and a larger program, mathematical magic could
be supported in the 6-16 academic space, providing a
model for a systemic shift.

Additionally, K-12 students have limited conceptions
of the work of a mathematician (Latterell & Wilson,
2012). When students do have an opportunity to interact
with mathematicians, they came to understand mathe-
maticians’” work and expressed more interest in doing
this work in their future (Latterell & Wilson, 2012). How-
ever, in a previous study with the same participants, we
discovered that the mentorship pairing of mathemati-
cians and beginning teachers was a power-free, two-way
mutually beneficial connection that was bound by their
love of mathematics (Albert, 2019). This aspect embrac-
es the aesthetic nature of mathematical magic. In the
future, we suggest that mathematicians are given some
opportunities to discuss what they learned, regarding
the experience of secondary mathematics classrooms,
from their visits with their mentees. In addition, begin-
ning teachers could provide opportunities for students
to occasionally interact with mathematicians during
their classroom visits. This would provide an additional
strength for this project.

Finally, and perhaps most importantly, when expe-
riences in designing courses that can support students
to experience mathematical creation are combined with
engaging students and understanding their contexts,
mathematical magic can be born. Leveraging the exper-
tise of both teachers and mathematicians, tasks can be
designed and implemented with a focus on the aesthetic.
Providing this explicit focus will help mathematicians
and beginning teachers think through these experienc-
es and their representation at the secondary or early
post-secondary mathematical level. These interactions
will also allow us to create a reproducible model of
designing and implementing these kinds of explorations
that embody mathematical magic.

This material is based upon work supported by the
National Science Foundation under Grant No. DUE-
1339601. Any opinions, findings, and conclusions or
recommendations expressed in this material are those
of the authors and do not necessarily reflect the views of
the National Science Foundation.

References

Achinstein, B., & Davis, E. (2014). The Subject of
Mentoring: Towards a Knowledge and Practice
Base for Content-focused Mentoring of New
Teachers. Mentoring & Tutoring: Partnership in
Learning, 22(2), 104-126. https://doi.org/10.1080/136
11267.2014.902560

Albert, L. R. (2019). Exemplary mathematics teachers
for high-need schools: A two-way mentoring
model. In J. Leonard, A. Burrows, & R. Kitchen
(Eds.) Recruiting, Preparing, and Retaining STEM
Teachers for a Global Generation (262-288). Brill Sense.

An, S, Tillman, D., Smith, K., & Hachey, A. (2023).
Preservice Teachers” Reflections on the Use
of Visual Supports to Improve Mathematics
Pedagogy: The Case Study of Fraction and Ratio.
Journal of Mathematics Education at Teachers College,
14(1), 21-30.

Assmus, D., & Fritzlar, T. (2022). Mathematical
creativity and mathematical giftedness in the
primary school age range: an interview study
on creating figural patterns. ZDM-Mathematics
Education, 54(1), 113-131.

Baker, W., & Keller, J. (2010). Science Teacher and
Researcher (STAR) Program: Strengthening
STEM education through authentic research
experiences for Preservice and early career
teachers. Peer Review.

CONSIDERING OPPORTUNITIES FOR MATHEMATICAL MAGIC: DESIGN PRINCIPLES FOR A MATHEMATICIAN- 19

EARLY CAREER TEACHER MENTORING MODEL



20

Ball, D. L., & Bass, H. (2009). With an Eye on the
Mathematical Horizon: Knowing Mathematics for
Teaching to Learners” Mathematical Futures. In
Keynote address at the 43rd Jahrestagung fiir Didaktik
der Mathematik. Oldenburg, Germany. Retrieved
from http://www.mathematik.tu-dortmund.de/
ieem/cms/media/BzMU/BzMU2009/Beitraege/
Hauptvortraege/BALL_Deborah_BASS_
Hyman_2009_Horizon.pdf

Ball, D. L., Thames, M. H., & Phelps, G. (2008). Content
knowledge for teaching: What makes it special?
Journal of Teacher Education, 59(5), 389-407. https://
doi.org/10.1177/0022487108324554

Bass, H. (1997). Mathematicians as Educators. Notices
of the AMS, 44(1), 14-21.

Battey, D. (2013). “Good” mathematics teaching
for students of color and those in poverty: the
importance of relational interactions within
instruction. Educational Studies in Mathematics,
82(1), 125-144. https://doi.org/10.1007/s10649-012-
9412-z

Bradforth, S. E., & Miller, E. R. (2015). Improve
undergraduate science education. Nature, 523,
282-284.

Brinkmann, A. (2009). Mathematical beauty and its
characteristics - A study on the student’s point of
view. The Mathematics Enthusiast, 6(3), 365-380.

Brinkmann, A., & Sriraman, B. (2009). Aesthetics and
Creativity: An exploration of the relationships
between the constructs. Festschrift Celebrating Paul
Ernest’s 65th Birthday.

Buckmire, R., Diaz Eaton, C., Hibdon, J., Kinnaird, K.
M., Lewis, D., Libertini, J., Ortega, O., Roca, R., &
Vindas Meléndez, A. R. (2023). "On Definitions of
"Mathematician", Journal of Humanistic Mathematics,
13(2), 8-38.

Burton, L. (2001). Research Mathematicians as
Learners And What Mathematics Education Can
Learn from Them. British Educational Research
Journal, 27(5), 589-599.

Burton, L. (2007). Mathematicians” narratives about
mathematics. In S. Rahman & J. Symons (Eds.),
Logic, Epistemology, and the Unity of Science Volume
5: Perspectives on Mathematical Practices, (pp. 155—
174). Springer.

Cellucdi, C. (2015). Mathematical Beauty,
Understanding, and Discovery. Foundations of
Science, 20(4), 339-355. https://doi.org/10.1007/
510699-014-9378-7

MIRIAM GATES, LILLIE ALBERT

Crespo, S., & Sinclair, N. (2008). What makes a
problem mathematically interesting? Inviting
prospective teachers to pose better problems.
Journal of Mathematics Teacher Education, 11(5), 395—
415. https://doi.org/10.1007/s10857-008-9081-0

Ehrich, L. C., Hansford, B., & Tennent, L. (2004).
Formal mentoring programs in education and
other professions: A review of the literature.
Educational Administration Quarterly, 40(4), 518-540.
https://doi.org/10.1177/0013161X04267118

Cushman, J., Donaldson, B., Dow, K., Gantner, R,
George, C. Y., & Jaco, W. Merging Inquiry and
Math Teachers’ Circles: The Math Circles of Inquiry
Project. Notices of the Maerican Mathematical Society,
70(6), 963-966.

Dawkins, P. C., & Roh, K. H. (2016). Promoting
metalinguistic and metamathematical reasoning
in proof-oriented mathematics courses: A method
and a framework. International Journal of Research in
Undergraduate Mathematics Education, 2, 197-222.

Elo, S., & Kyngas, H. (2008). The qualitative content
analysis process. Journal of Advanced Nursing,
62(1), 107-115. https://doi.org/10.1111/j.1365-
2648.2007.04569.x

Fetterly, J. M. (2020). Fostering mathematical
creativity while impacting beliefs and anxiety in
mathematics. Journal of Humanistic Mathematics,
10(2), 102-128.

Garza, R., & Harter, R. A. (2016). Perspectives
from pre-service mathematics and science
teachers in an urban residency program:
Characteristics of effective mentors. Education
and Urban Society, 48(4), 403—420. https://doi.
org/10.1177/0013124514533989

Hobbs, L. (2012). Examining the aesthetic dimensions
of teaching: Relationships between teacher
knowledge, identity, and passion. Teaching and
Teacher Education, 28(5), 718-727. https://doi.
org/10.1016/j.tate.2012.01.010

Hodge, A., Rech, J., Matthews, M., Johnson, K.
G., & Jakopovic, P. (2019). Mentoring Future
Mathematics Teachers: Lessons Learned from Four
Mentoring Partnerships. Journal of Mathematics
Education at Teachers College, 10(2), 37-43.

Ingersoll, R. M., & Strong, M. (2011). The impact of
induction and mentoring programs for beginning

teachers: A critical review of the research. Review of
educational research, 81(2), 201-233.



Karp, A. (2008). Which problems do teachers consider
beautiful? A comparative study. For the Learning of
Mathematics, 28(1), 36—43.

Khait, A. (2005). The definition of mathematics:
Philosophical and pedagogical aspects. Science and
Education, 14(2), 137-159. https://doi.org/10.1007/
s11191-005-0029-9

Latterell, C. M., & Wilson, J. L. (2012). Students’
Perceptions of What Mathematicians Do, 13(2),
73-84.

Leikin, R., Zazkis, R., & Meller, M. (2018). Research
mathematicians as teacher educators: Focusing on
mathematics for secondary mathematics teachers.
Journal of Mathematics Teacher Education, 21(5), 1-23.
https://doi.org/10.1007/s10857-017-9388-9

Lew, K., Fukawa-Connelly, T. P., Mejia-Ramos, J.

P., & Weber, K. (2016). Lectures in Advanced
Mathematics: Why Students Might Not
Understand What the Mathematics Professor
Is Trying to Convey. Journal for Research in
Mathematics Education, 47(2), 162. https://doi.
org/10.5951/jresematheduc.47.2.0162

Lockhart, P. (2009). A mathematician’s lament: How
school cheats us out of our most fascinating and
imaginative art form. Bellevue Literary.

Lu, X., & Kaiser, G. (2022). Can mathematical
modelling work as a creativity-demanding
activity? An empirical study in China. ZDM-
Mathematics Education, 1-15.

Meagher, M. S,, Ozgﬁn—Koca, S. A, & Edwards, M. T.
(2020). Nurturing the Generation and Exploration
of Mathematical Conjectures with Preservice
Teachers: An Example with a Perimeters Task.
Journal of Mathematics Education at Teachers College,
11(1), 4-5. https://doi.org/10.7916/jmetc.v11i1.6705

Mintos, A., Hoffman, A.]., Kersey, E., Newton, J., &
Smith, D. (2018). Learning about issues of equity
in secondary mathematics teacher education
programs. Journal of Mathematics Teacher Education,
1-26. https://doi.org/10.1007/s10857-018-9398-2

Miranda, R.J., & Damico, J. B. (2013). Science Teachers’
Beliefs about the Influence of their Summer
Research Experiences on their Pedagogical
Practices. Journal of Science Teacher Education, 24(8),
1241-1261. https://doi.org/10.1007/s10972-012-
9331-y

Nardi, E. (2008). Fragile, yet crucial: The relationship
between mathematicians and researchers in
mathematics education. In Amongst Mathematicians
(pp. 257-292). Boston, MA: Springer US. https://
doi.org/10.1007/978-0-387-37143-6_8

Palmer, A. (2009). “I'm not a ‘maths-person
Reconstituting mathematical subjectivities

nr

in aesthetic teaching practices. Gender
and Education, 21(4), 387-404. https://doi.
org/10.1080/09540250802467950

Richter, D., Kunter, M., Liidtke, O., Klusmann, U.,
Anders, Y., & Baumert, J. (2013). How different
mentoring approaches affect beginning teachers’
development in the first years of practice. Teaching
and Teacher Education, 36, 166-177. https://doi.
org/10.1016/j.tate.2013.07.012

Sadler, T. D., Burgin, S., Mckinney, L., & Ponjuan,
L. (2010). Learning Science through Research
Apprenticeships: A Critical Review of the
Literature. Journal of Research in Science Teaching,
47(3), 235-256. https://doi.org/10.1002/tea.20326

Sfard, A. (1998). The many faces of mathematics: Do
mathematicians and researchers in mathematics
education speak about the same thing? In A.
Sierpinska & J. Kilpatrick (Eds.), Mathematics
education as a research domain: A search for identity
(pp. 491-512).: Kluwer Academic.

Silver, E. A., & Metzger, W. (1989). Aesthetic influences
on expert mathematical problem solving. Affect and
Mathematical Problem Solving: A New Perspective,
59-74. https://doi.org/10.1007/978-1-4612-3614-6_5

Sinclair, N. (2003). Aesthetic values in mathematics:
A value-oriented epistemology. Paper presented
at the 27th International Group for the Psychology of
Mathematics Education Conference Held Jointly with
the 25th PME-NA Conference, 4, 199-205.

Sinclair, N. (2004). The roles of the aesthetic in
mathematical inquiry. Mathematical Thinking and
Learning, 6(3), 261-284. https://doi.org/10.1207/
s15327833mtl0603_1

Sinclair, N. (2009). Aesthetics as a liberating force in
mathematics education? ZDM - International Journal
on Mathematics Education, 41(1-2), 45-60. https://
doi.org/10.1007/s11858-008-0132-x

Sinclair, N., & Crespo, S. (2006). What Makes a Good
Problem? an Aesthetic Lens. Proceedings of the
30th Conference of the International Group for the
Psychology of Mathematics Education, 5(1), 129-136.

CONSIDERING OPPORTUNITIES FOR MATHEMATICAL MAGIC: DESIGN PRINCIPLES FOR A MATHEMATICIAN- 21

EARLY CAREER TEACHER MENTORING MODEL



22

Thomas, E. E., & Warren, C. A. (2015). Making it

relevant: how a black male teacher sustained
professional relationships through culturally
responsive discourse. Race Ethnicity and Education,
20(1), 87-100. https://doi.org/10.1080/13613324.201
5.1121217

Tossavainen, T. (2014). A Mathematician’s Lament:

How School Cheats Us Out of Our Most
Fascinating and Imaginative Art Form by Paul
Lockhart, Foreword by Keith Devlin: NEW YORK:
BELLEVUE LITERARY PRESS, 2009, PAPERBACK,
140 PP., US $12.95, ISBN: 978-1-934137-17-8.
Mathematical Intelligencer, 36(2), 68-69. https://doi.
org/10.1007/s00283-013-9438-9

MIRIAM GATES, LILLIE ALBERT

Wade, C., Sonnert, G., Sadler, P. M., Hazari, Z., &
Watson, C. (2016). A comparison of mathematics
teachers’” and professors’ views on secondary
preparation for tertiary calculus. Journal of
Mathematics Education at Teachers College, 7(1), 7-16.

Wang, J., & Paine, L. W. (2001). Mentoring as assisted
performance: A pair of Chinese teachers working
together. The Elementary School Journal, 102(2),
157-181.

Zazkis, R., & Leikin, R. (2010). Advanced mathematical
knowledge in teaching practice: Perceptions of
secondary mathematics teachers. Mathematical
Thinking and Learning, 12(4), 263-281. https://doi.
org/10.1080/10986061003786349



JOURNAL OF MATHEMATICS EDUCATION AT TEACHERS COLLEGE | SPRING 2024 | VOLUME 15, ISSUE 1

© 2024 Justice Enu, Zanele A. Ngcobo. This is an open access article
distributed under the terms of the Creative Commons Attribution License, which permits the user to copy,
distribute, and transmit the work provided that the original authors and source are credited.

Three Ghanaian Preservice teachers' knowledge and

understanding of assessment literacy: Implications for

teaching and learning of mathematics

Justice Enu
Kwame Nkrumah University
of Science and Technology

Zanele A. Ngcobo
University of KwaZulu-Natal

ABSTRACT This article offers an analysis of preservice mathematics teachers' knowledge and
understanding of assessment literacy. We draw from Abell and Siegel's (2011) notion of assessment
literacy to explain the salient component of assessment literacy among the preservice teachers
who participated in this study. Semi-structured and group interviews were used to generate data
from three second-year preservice teachers enrolled in a Diploma in Education program. Data
were analyzed using thematic analysis.

While the findings revealed that preservice teachers perceive assessment as an ongoing process
aimed at gathering information about students’ learning, their knowledge is grounded more on
summative assessment. Furthermore, it was noted that preservice teachers view assessment as
generic and not specific to mathematics teaching. In terms of conducting assessments, preservice
teachers concede that time aligns with purpose and that administering assessments is solely the
instructor's responsibility. Based on the findings, we concluded that preservice mathematics teach-
ers have limited knowledge and understanding of assessment literacy. Thus, it is recommended
that teacher educators pay particular attention to the evolution of preservice mathematics teach-
ers’ conception of assessment literacy. It is also recommended that preservice mathematics teach-
ers’ classroom assessment practices be investigated to ascertain how their assessment knowledge

informs their classroom practices

KEYWORDS Preservice teachers, Assessment literacy, Mathematics, Teaching and learning

Introduction

The advancement of teacher assessment literacy is crit-
ical to improving teaching and learning. For example,
Wang, Wang, and Huang (2008) posit that teacher assess-
ment literacy is essential to the success of teaching. Of
the same view, DeLuca et al. (2013) and White (2009) feel
that teachers’ assessment literacy enhances the quality of
student learning and student learning motivation. Advo-
cating the same point, in 2015, the Government of Ghana
launched a program called Transforming Teacher Edu-
cation and Learning, with technical and financial sup-
port from the Government of the United Kingdom. The
program aimed to transform the delivery of preservice

teacher education in Ghana by improving the quality
of teaching at the teacher training colleges. This reform
saw the creation of two policy documents: 1) the Nation-
al Teachers Standard for preservice teachers and 2) the
National Teacher Education Curriculum Framework to
guide teacher educators, in-service teachers, preservice
teachers, and other stakeholders in the education sector.
The reform brought about a restructuring of the content
and the assessment regime of the teacher training col-
leges. Some of the major issues relating to assessment
contained in these policy documents are as follows:
1) Teacher educators need to prepare preservice teach-
ers to be assessment literate so that they understand
and apply the principles and procedures for sound
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classroom assessment of learning (summative) and
assessment for learning (formative) and

2) Preservice teachers need to know how to use the
information from their assessments to support
learning (National Council of Assessment and Cur-
riculum (NaCCA), 2018).

The policy calls for preservice teachers to have
assessment literacy and to be able to use assessment
information to support learning. Therefore, colleges of
education need to harness and develop preservice teach-
ers to become assessment literate to ensure they have
the knowledge and assessment skills required to be
effective when they become in-service teachers. While
Ghana's reform policies and framework prioritized the
advancement of assessment literacy, a review of the lit-
erature has shown that limited research has been carried
out on understanding the knowledge of assessment lit-
eracy among teacher educators, preservice teachers, and
teachers in Ghana, especially in mathematics.

Itis no secret that education in Ghana is in crisis (Mer-
eku, 2019) and that this crisis is strongly pronounced in
mathematics (Asare & Nti, 2014; Mereku, 2019). Within
these parameters, this study aims to understand preser-
vice mathematics teachers' (PsMTs) knowledge of assess-
ment literacy. Focusing on PsMTs is prompted by the fact
that the reform program in Ghana emphasizes advanc-
ing assessment literacy among preservice teachers. We
believe that one's knowledge of assessment informs
one’s practice in the classroom. As prospective teachers,
PsMTs’ assessment knowledge will inform their practic-
es when they become in-service teachers. Understand-
ing how they conceptualize assessment literacy would
assist in restructuring reforms to advance their knowl-
edge and practice. Therefore, this case study explored
the knowledge and understanding of assessment literacy
of three second-year Ghanaian PsMTs in the College of
Education. To explore this phenomenon, we asked the
following research question: How is assessment literacy
conceptualized by some preservice mathematics teach-
ers in the [blinded] in Ghana? Conceptualization in this
study refers to preservice teachers' understanding of the
meaning of assessment, which informs why assessment
is to be carried out (purpose of assessment), and the
means of doing so (assessment strategies).

Teachers’ assessment literacy

Assessment literacy has been defined from different
standpoints. Mellati and Khademi (2018) note that
assessment literacy is the:
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Possession of knowledge about the basic princi-
ples of assessment and evaluation practices, which
includes terminology of assessment concepts such
as test, measurement, ... and the use of assessment
methodology and techniques in the classroom ...
familiarity with an alternative to traditional mea-
surement of learning. (p. 1)

Assessment literacy defines the knowledge and skills
one needs to investigate what students know and can
do, interpret the results of assessment, and use assess-
ment results to decide how to improve learning (Abell &
Siegel, 2011). Popham (2011) contends that “assessment
literacy consists of an individual’s understanding of
the fundamental assessment concepts and procedures
deemed likely to influence educational decisions” (p.
265). Stiggins (1999) developed a framework for assess-
ment literacy and proposed seven assessment compe-
tencies that teachers need to possess: 1) Connecting
assessment to the purpose, 2) Clarifying achievement
expectations, 3) Applying proper assessment meth-
ods, 4) Developing quality assessment exercises and
scoring criteria and sampling appropriately, 5) Avoid-
ing bias in assessment, 6) Communicating effectively
about students’ achievements, and 7) Using assessment
as an instructional intervention. Similarly, Siegel and
Wissehr (2011) developed a framework that includes
principles, tools, and assessment purposes to explore
preservice teachers’ assessment literacy. The common
aspect among these frameworks is that assessment
literacy should advance learning and that knowledge
and assessment practices are intertwined. In this study,
assessment literacy is defined as the beliefs and knowl-
edge of assessment, based on the framework of Abell
and Siegel (2011), because it articulates the key compo-
nents of assessment literacy, as illustrated in Figure 1.

Abell and Siegel's model considers the various types
of assessment knowledge the teacher needs and the

Figure 1

A model for teacher assessment literacy (adapted from
Abell & Siegel, 2011, p. 212)

4 N
Knowledge of What to
Knowledge of Assessment Assess
Purpose
Assessment Values
[ Views of Learning ]
and Principles
N\ pes
Knowledge of Assessment (|Knowledge of Assessment
Strategies Interpretation and Action-
\_ taking )




required skills to enhance teaching and learning. In
the center of the model are teachers' views of learn-
ing, which support the assessment values and prin-
ciples needed for teaching (Abell & Siegel, 2011). The
values and principles interact with four categories of
teachers' assessment knowledge: assessment purposes,
assessment strategies, assessment interpretation and
action-taking, and what to assess. What is emphasized
in this framework is the purpose of assessment, mean-
ing that when carrying out an assessment, it is import-
ant to consider the purpose for doing so.

The model illustrates the key elements an assess-
ment-literate teacher needs, including a detailed
understanding of assessment strategies, which are
tools or instruments for gathering evidence of teachers’
pedagogy and students’ learning. Teachers need to be
knowledgeable about formal and informal assessment
strategies because they are linked to the type of assess-
ment task that a teacher designs and implements, which
in turn reflects their knowledge of assessment purpos-
es and their assessment values (Abell & Siegel, 2011).
Knowledge of what to assess refers to teachers” knowl-
edge of mathematics content as concepts and processes.
Teachers need to know what, when, how, and why to
assess and what to do with assessment data (Abell &
Siegel, 2011). These authors explain that a critical com-
ponent of assessment literacy is what teachers know
about interpreting and acting on assessment data. This
implies that knowledge of assessment interpretation is
about making sense of evidence gathered from assess-
ment, which is born out of teachers” knowledge of the
purpose of assessment.

Assessment literacy includes knowing how to use
assessment data to help students learn or using evi-
dence from assessments to modify instructional plans.
For example, a teacher might use informal questioning
as an assessment strategy in a mathematics class when
teaching numbers and numerals to learn about stu-
dents’ misconceptions. A teacher might give a forma-
tive quiz that asks whether a number with three digits
is bigger than a number with two digits, which works
in some situations (328 is bigger than 35) but not in the
case of numbers with decimals (3.28 is not bigger than
3.5). Based on information generated from the example,
the teacher will learn whether another example is need-
ed or if students are ready to move on to a new concept.
Teachers’ interpretation of assessment as to whether
further examples are required or if the teacher needs to
modify his/her pedagogy will result from the meaning
they make of the assessment data.

Context of the study

This study focused on preservice mathematics teach-
ers in the Central Region of Ghana enrolled in a three-
year Diploma in Basic Education program. A total of 18
PsMTs in their second year of study were invited to par-
ticipate; however, only three (two males and a female)
agreed to participate. Data presented here were collect-
ed from these three PsMTs. The three PsMTs who par-
ticipated in this study had been exposed to assessment
both as students and students’ teachers in micro-teach-
ing (practice teaching that student teachers engage in
on campus) and had been exposed to observing teach-
ers teaching and assessing in neighboring schools. An
in-depth case study was used to deeply explore PsMTs’
assessment knowledge; hence, the three participants
were deemed adequate and appropriate. Respondents
ages ranged from 17 — 20 years.

Data collection and analysis

Data were collected using individual semi-structured
interviews and a group interview. Semi-structured
interviews encourage participants to narrate rather
than being restricted in terms of what they should dis-
cuss. It also allows researchers to probe to understand
the studied phenomenon in depth. In this article, the
phenomenon being studied was assessment literacy,
and therefore, we focus on PsMTs' knowledge and
understanding of assessment literacy. Thus, individu-
al and group interviews were deemed appropriate as
they allowed PsMTs to narrate their knowledge and
understanding of assessment literacy. Moreover, group
interviews assisted the researcher in unearthing the
dynamics and synergy in PsMTs' knowledge and under-
standing of assessment. To ensure the trustworthiness
of the data collected, the interviews were recorded.
This was done to ensure that the real voices and ideas
of the participants were captured. Pseudonym IDs were
used to protect the identity of the participants (PsMT1,
PsMT2, and PsMT3). The numbers allocated have no
meaning in terms of performance or order.

To understand PsMTs” knowledge and understand-
ing of assessment literacy and to stay close to the data,
the interview data were first transcribed and then seg-
mented (first-level coding) line by line. They were used
to generate codes, as shown in Abell and Siegel's (2011)
assessment literacy model (Figure 2). The codes can be
found in Table 1.
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Figure 2

Example of first-level coding of an extract of an interview transcript from one
of the participants

How do you understand assessment?

Assessment, as in education, is trying to determine how best students have
followed instruction (Evaluating learning). So, assessment could be done
through quizzes, interviews, and written papers. That is why we have the
formal and informal way of assessing students (Strategies)

Table 1
Codes generated from participants' verbatim responses

Formal

Evaluating learning  Teachers’ responsibility assessment method

Evaluating of learning ~ Curriculum planners responsible  Informal assessment
for assessing students method

Gathering information  Accessing students Assessment type

Written-test, interviews
Different techniques

Finding information No specific time
Assessment occurs

during instruction.

In the second analysis phase, a constant comparative method was used,
and codes carrying the same meaning were collapsed to identify broader cat-
egories, (Glaser & Strauss, 2017). Collapsed codes and broader categories are

illustrated in Table 2 below.

Table 2
Collapsed categories to arrive at broader categories

Collapsed codes Categories

to the framework

Broader categories aligned

Gathering information and
finding information

Evidence gathering Knowledge of the purpose

of assessment

Evaluating learning; Assessing student

evaluating of learning learning
Teacher responsibility; Assessment Decision making action
assessing students Implementation taking

Curriculum planners
responsible for

assessing students;
Assessment occurs

during instruction;
No specific time

Assessment type;
Written test, interviews;

Assessment methods/  Knowledge of assessment
techniques strategies

Different techniques
formal assessment
method; Informal
assessment method
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Findings of the study

To answer the research question
about preservice mathematics
teachers’ conception of assess-
ment literacy, the findings are
presented using categories that
emerged from the data, which
we then align to key constructs
drawn from the framework
guiding the study.

To ascertain preservice math-
ematics teachers” knowledge
of the purpose of assessment,
they were asked to narrate their
understanding of assessment:

Researcher: What do you
consider to be the purpose of
assessment?
PsMT3: Gathering informa-
tion which is educational[ly]
important about students so
that you can make decisions
about them either to intensi-
fy the program that they are
undergoing or to provide
certain remedies to those fac-
ing difficulties.

PsMT?2: Assessment is to find

out information about stu-

dents for decisions and other
purposes.

PsMT1: To find out how best

students have followed the

instructions.

PsMT1's views contrast-
ed with those of the other two
participants, as this preservice
teacher regarded assessment as
a means of evaluating students’
understanding.

To probe further during the
group interview to narrow the
discussion to classroom math-
ematics, the preservice math-
ematics teachers were asked
to narrate their conceptions of



assessing mathematics. While all narrated a generic
view, PsMT3 went further:
Researcher: What do you consider to be the purpose
of assessment, particularly in mathematics teaching?
PsMT3: Mathematics is an integrated subject, so the
purpose of assessment is to find out what students
know before teaching a topic and after. For exam-
ple, multiplication builds from addition, so I need to
know if they can add whole numbers and use that
knowledge to teach multiplication.
PsMT1: I am not sure if it's any different in mathe-
matics; my understanding is that we assess so that
we evaluate student learning.
PsMT?2: Like in all other subjects, the purpose of
assessment is to see if learners have learnt what was
taught.

The preservice mathematics teachers conceive
assessment as a means to either gather information
about the program and students or to evaluate students
to ascertain what they know about the topic, thus fore-
grounding assessment as summative. This positional
view contradicts the NaCCA (2018) of Ghana, which
emphasizes the importance of both formative and sum-
mative assessments. While PsMT3 emphasizes assess-
ing before and after teaching and the need to assess,
as alluded to in Abell and Siegel’s (2011) framework,
none of the preservice mathematics teachers mentioned
assessment in learning. This suggests that they do not
consider assessment to serve the purpose of ascertain-
ing knowledge and skills while learning occurs.

Preservice mathematics teachers’ knowledge
and understanding of assessment modes
By modes of assessment, we refer to assessment meth-
ods (types or techniques) and timing to administer
assessment. Participants shared their views on the
forms in which mathematics learning is/can be assessed:
Researcher: What are the modes or techniques
through which assessment can be done?
PsMT1: I will say it is only written tests.
PsMT2: We can have tests and anything that will
help you to collect information about students.

Thus, PsMT2 added that modes of assessment are
any means that offer individuals the opportunity to
gather information on student learning. When probed
further about other modes of assessment, PsMT2 cited
interviews as one of the techniques but was unable to
explain how these could be used in assessing learn-
ing, suggesting that it is not a method of which she
has in-depth knowledge. However, as noted in the
above response, PsMT2 emphasized gathering student

learning and testing as the common mode of assess-
ment, suggesting that she considers assessment to be
summative-driven.

In contrast, PsMT3 stated that assessment could be
formal or informal and went on to cite examples of these
methods:

PsMT3: ... could be done in two forms, either formal
or informal. The informal ones are not structured or
organized, like quizzes, exercises, and sometimes
observations, but the formal assessments are mostly
organized and structured, like the end-of-semester
examination that we take.

When probing further to articulate the types of
assessment adopted in mathematics classrooms, PsMT1
and PsMT2 could not differentiate between types of
assessment and techniques used in the mathematics
classroom. While PsMT3 mentioned formative and
summative assessment, the emphasis was on assess-
ment used for progression purposes:

Researcher: Which mode of assessment and tech-
niques are used in mathematics classrooms? Also,
what is the purpose of those modes and techniques
in mathematics?
PsMT3: There are two types of assessment, forma-
tive and summative, and the techniques used are
either tests, assignments, or projects and investiga-
tions. Yes, there are other techniques like question
and answer, but those are not used for assessing the
depth of the content learnt.

PsMT1: As I have said above, assessing is about eval-

uating students so things like tests and examinations

are used to evaluate students.

PsMT2: To gather information about students, we

use tests, assignments, examinations, and so on.

It was noted that PsMT3 knows about informal
assessment modes but does not believe it enhances
learning. While the NaCCA (2018) policy emphasiz-
es assessment for progression, it also emphasizes the
importance of informal assessment. However, the pre-
service mathematics teachers did not mention baseline
or diagnostic assessment, suggesting that the concep-
tion of assessment is geared towards assessing for pro-
gression purposes. Moreover, while knowledgeable
about generic forms of assessment, they could not artic-
ulate them in relation to mathematics.

Sharing their conception of the timing for adminis-
tering assessment, they had the following to say:

Researcher: In your understanding, when is assess-

ment carried out?

PsMT3: During the course of study or at the end

of the study. So, if it is during the course of study,
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then it becomes a formative assessment. Then, if it
is at the end of the course of the study, it becomes
a summative assessment. For example, in mathe-
matics, at the end of each lesson, one can adminis-
ter homework, and at the end of the term, students
write examinations.

PsMT2: It is carried out from the beginning to the
end of instruction ...

PsMT1: Normally, at the end, but these days, I have
to know that the assessment does not have a specific
time. We are assessed at any time ...

Therefore, according to PsMT3, the time of assess-
ment is aligned with the purpose. PsMT1 and PsMT2
hold the same view and argue that it forms part of teach-
ing and learning. Although PsMT1’s conception seems
grounded on evaluating learning, the above response
shows that new experiences influenced her conception.
We based this on her saying that she understands that
assessment has no specific time. What is evident in the
preservice teachers' responses is that their beliefs influ-
ence their conception of timing regarding the purpose
of assessment. However, as we noticed in the case of
PsMT1, new experiences ignite new conceptions, sug-
gesting that when exposed to new experiences, they are
open to changing their conception.

Preservice mathematics teachers’ knowledge
of decision-making and action-taking in
assessment
Narrating their conceptions about decision-makers in
assessing, two of the preservice mathematics teach-
ers remarked that assessment is the responsibility of
teachers:
Researcher: In your understanding, who are the role
players when it comes to assessment or assessing?
PsMT1: In my own view, teachers are the key role
players because they assess the learners, or those
who instruct are the assessors.

Similarly, PsSMT3 argued that assessment is done
by teachers, further stating that head teachers, as
well as the curriculum planning division, can also
engage in the assessment process.

While holding a similar view, PsMT2 believes that
assessing is the responsibility of teachers and peers:
PsMT?2: Assessors are those who collect information
concerning the students to make value judgments or
other decisions. In this case, assessors are teachers, or
it can be a student assessing another student.

Although she considers peers as assessors, her
response indicates that her conception of assessment is
that of learning and places more emphasis on assessors
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collecting information to make judgments, with limited
attention as to how this contributes to learning.

The preservice mathematics teachers' responses
show that of the three, only one mentioned peer assess-
ment, suggesting they mostly hold a narrow view of
assessment, as they do not consider students as import-
ant in the assessment process. All participants echoed
that it is the teacher’s responsibility because the pur-
pose is to collect information about students or learning.
This contradicts scholars such as Bansilal et al. (2011)
and Kanjee and Mthembu (2015), who emphasize that
assessment is a cyclic process of knowing and inform-
ing teachers and learners about the learning process.

Discussion

This study aimed to examine preservice mathematics
teachers' knowledge and understanding of assessment
literacy. Based on the data from the interviews, pre-
service mathematics teachers’ assessment literacy was
categorized into three areas: knowledge of the purpose
of assessment, knowledge of modes of assessment,
and knowledge of decision makers and action taking
in assessment. The standpoint held by the three preser-
vice mathematics teachers reflects assessment as being
of learning, contradictory to DeLuca et al.’s (2013) find-
ings in a study conducted in Canada. Their findings
revealed that preservice teachers consider building
conversations, praxis activities, modeling and critical
reflection, and planning of teaching and learning as
key components of assessment. This contrasts with the
Ghana preservice mathematics teachers in this study,
who consider gathering information about students
and evaluating students as key assessment components.
However, the participants' conceptions in this study
coincide with Volante and Fazio’s (2007) findings in a
study conducted with preservice teachers enrolled in a
four-year program in Canada. Their findings revealed
that preservice teachers mostly conceive of assessment
as summative, meaning that it is mainly considered to
be used for evaluation purposes.

The emphasis on assessment being summative
was further evident in the conceptions of assessment
techniques or strategies held by the participants, as all
foreground the use of tests as the main assessment tech-
nique. This finding concurs with those of Yilmaz-Tuzun
(2008), who conducted a study with 166 preservice
teachers in three Midwestern Universities in the US.
Yilmaz-Tuzun (2008) argues that preservice mathe-
matics teachers have a limited collection of assessment
strategies they choose from. Therefore, they mostly



employ questioning and traditional paper and pencil
assessment strategies to evaluate students’ learning,
even though they are aware of other assessment meth-
ods. The findings reveal aspects similar to contexts in
other parts of the world. Moreover, the findings have
educational implications for the Ghanaian education
context, which is, in the transformation stage, to ensure
the transformation as stipulated in the policy is trans-
lated to practice for the development of the preservice
mathematics teachers” assessment literacy.

Implications for mathematics classroom
teaching

Drawing from the preservice mathematics teachers'
views, it could be argued that the generic view of
their purpose of assessment is problematic, especial-
ly for mathematics teaching. For example, none of the
preservice mathematics teachers foreground assess-
ment in learning, while in mathematics classrooms, it
is critical that teaching and assessment are constantly
intertwined, as posited by Siegler and Wissehr (2011).
However, preservice mathematics teachers mostly con-
sider assessment to evaluate learning, i.e., summative
assessment. However, summative assessment is import-
ant, especially for benchmarking, and since learning
is continuous, assessment should also be continuous.
Considering that assessment is used to evaluate learn-
ing means that feedback only happens after, which does
not inform or enhance the learning process. This con-
tradicts the call by Bansilal et al. (2011), which is that
feedback should be continuous and aim at informing
learning. Mathematics teaching is anchored in both the
process and product. Therefore, focusing on one means
that holistic teaching is not taking place.

Limitations

This exploratory study involves three preservice
mathematics teachers and does not claim to provide
findings representative of all preservice mathematics
teachers in Ghana. While having only three partic-
ipants is considered a limitation, the data generated
provided an in-depth understanding of the preservice
mathematics teachers' conceptualization of assess-
ment. The use of only interviews can be considered
a limitation. However, the study focuses on preser-
vice mathematics teachers' conceptions, not practices.
Thus, interviews were deemed most suitable to help us
answer our research question.

Conclusion

The findings showed that Ghana's preservice mathemat-
ics teachers’” conception of assessment is that of learn-
ing, which focuses on evaluating students and is driven
by testing, with teachers having the most important role
in the process of assessing. This conception contradicts
Ghana’s policy documents on assessment, which aim to
transform assessment practices in schools and empha-
size assessment for learning, assessment in learning,
and assessment of learning (NaCCA, 2018).

Based on the findings of this study, we conclude
that Ghana's preservice mathematics teachers need
exposure to multiple modes of assessment during their
teacher training to influence their conception such that
it is not one-dimensional but encompasses both forma-
tive and summative assessment. As Siegel and Wissehr
(2011) mooted, knowledge about a variety of assess-
ment types allows teachers to select the most appro-
priate and effective instrument to meet their relevant
learning needs, exposing preservice mathematics teach-
ers to multiple forms of assessment that are necessary
to advance their conception of assessment literacy. As
suggested by Kanjee and Mthembu (2015), the develop-
ment of assessment literacy should be an integral part
of teacher training because it influences the quality of
teaching in schools.
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NOTES FROM THE FIELD
The Spring 2024 issue features two Notes from the field on the teaching
of discrete mathematics. Fran and Vistro-Yu look at the use of “Fran-
kards”, a manipulative used in facilitating teaching probability. Pogore-
lova et al. present a problem-based curriculum in combinatorics to assist
in the teaching of the multiplication principle. I
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Introduction

Teachers are tasked with providing opportunities
that cultivate and maximize learning. A wide array
of approaches can be used to achieve this goal, one of
which is manipulatives. We present a teacher-developed
manipulative and explain its use in the classroom. We
illustrate how this manipulative can be used to teach the
concepts of mutually and non-mutually exclusive events.

According to Bartolini and Martignone (2020), math-
ematical manipulatives are artifacts utilized in teaching
mathematics. These are used to explore and investi-
gate mathematical concepts and processes, particularly
problem solving. Manipulatives can either be concrete
or virtual. The Encyclopedia of Mathematics Education

defined concrete manipulatives as “physical artifacts
that can be concretely handled by students and offer a
large and deep set of sensory experiences." In contrast,
virtual manipulatives are "digital artifacts that resem-
ble physical objects and can be manipulated in a similar
way as their authentic, concrete counterpart” (Bartoli-
ni & Martignone, 2020, p. 365). The teacher-developed
manipulative, Frankards, is “a set of 56 cards specifical-
ly crafted to assist teachers in teaching probability con-
cepts through concrete manipulation” (Fran, 2021, p. 2).
The deck of Frankards, as shown in Figure 1, is a copy-
righted work in the National Library of the Philippines

with registration number 02021-01.
Typically, teachers use a standard deck of cards to
illustrate some ideas of probability. However, they
are banned to prevent students from

Figure 1 engaging in gambling-related activities.
Deck of Frankards As a result, the first author developed
Frankards (see Figure 1), which is more
a‘ I | o | B (e ::: " + | x' _ mathematical in form than the standard
: p ® | ® [l® ®p® ®f® o[y @f,0"e R deck of cards. Divided into blue and
a' m - m " : : :.: ::: . + . x green cards, ankarfis is fioml:.)osed ?f
k L A Y R | " k four alpha cards, thirty-six arithmetic
a" . ‘ . 4e o s oo :.: X :.:-‘ :‘-‘ I : X ™ czjlr'ds, and .51'xteen Multhhcatlon-Dl-
i R 1 S S (R s g (A O L R R A vision-Addition-Subtraction (MDAS)
: : ["a af[a affa, &% : : 3 cards. This was designed to provide

i IR R B R A P A S gned to prov
: o | a ||a alla alla afla afa®alld 2/AaR]L VL LN students a more engaging learning
experience through concrete manipu-

Note: This figure is adapted from Fran (2021, p. 2).

lation as they learn the mathematical
concepts.

MANIPULATIVES IN A MATHEMATICS CLASSROOM: THE CASE OF FRANKARDS

33



34

Teaching and Learning with Manipulatives

Mathematics teachers have long utilized manipulatives,
and some have been proven to be effective in teaching
some important concepts in mathematics. Students who
use manipulatives, specifically algebra tiles, performed
better in algebraic operations than students who never
worked with the same material (Larbi & Mavis, 2016).
Salifu (2022) also suggested that algebra tiles be utilized
in teaching algebraic processes such as solving linear
equations. Thus, it is recommended that educators use
manipulatives in teaching algebra.

Gurung and Chaudhary (2020) showed that learn-
ing with concrete manipulatives in a mathematics class
results in a more meaningful learning experience for
students. Similarly, concrete manipulatives encourage
teachers to be more creative in teaching abstract con-
cepts. For manipulatives to be used effectively, learners’
real-life experiences must be considered (Eby, 2022).
Teachers should also utilize a variety of instruction-
al manipulatives, depending on the topic being dis-
cussed. Teachers should take note of how the lessons
are designed when using manipulatives. Manipulatives
provide an avenue for learners to explore and under-
stand the topics in a meaningful and enjoyable way.
This was supported by Furner and Higgins (2022), who
pointed out that manipulatives aid and motivate stu-
dents to learn mathematical concepts and skills.

In cases where students experience anxieties in learn-
ing mathematics, Stoehr and Olson (2021) highlighted
that teachers’ use of manipulatives helps reduce the
anxieties through engaging learning activities. With the
positive effects of using manipulatives, Kontas (2016)
recommended that teachers use these instructional
materials more frequently to maximize student learn-
ing. It was also noted that manipulatives are instrumen-
tal in giving meaning to abstract mathematics concepts.

Figure 2
Illustration for Example 1

Aside from helping students create their own represen-
tation of abstract mathematical concepts, manipulatives
also assist learners in communicating what they have
understood to their teachers and peers (Odum, 2022).
As with previously studied manipulatives, Frankards
holds promise of aiding students’ comprehension when
entering an unfamiliar land, in this case, one involving
probabilistic concepts (Fran, 2021).

Using Frankards in the Mathematics Classroom

The use of Frankards in teaching probability has been
shown to contribute to students’ achievement with a sig-
nificant increase in test scores (Fran, 2021). This report
will discuss the applications of Frankards in teaching
probability through illustrative examples. These prob-
lems were anchored on the learning competencies set
by the Philippines’ Department of Education for Grade
10 Mathematics, focusing on mutually and non-mu-
tually exclusive events. Mutually exclusive events are
events that cannot occur at the same time. On the other
hand, non-mutually exclusive events can happen simul-
taneously. If the problems involve mutually exclusive
events, equation (1) is used. On the other hand, equa-
tion (2) is used if the problem involves non-mutually
exclusive events.
P(A or B)=P(A) + P(B) (1)
P(AorB)=P(A) +P(B)-P(AnB) (2)

Example 1. Mutually Exclusive Events

Let us consider the following problem:
In a standard deck of Frankards, find the probability of
getting an alpha or MDAS card.
Solution:
To solve this problem, let A be the alpha cards and B
be the MDAS cards. Then, Frankards will be utilized,
as shown in Figure 2.

n(A) = 4
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As shown in Figure 2, getting an alpha card and an
MDAS card cannot happen simultaneously. Since the
problem is a mutually exclusive event, the equation to
be used is (1). Hence,

P(A or B)=P(A) + P(B)

P(Aor B) = £¢+ 12

P(A or B)=% or %
Example 2. Non-mutually Exclusive Events
Let us consider the following problem:
In a standard deck of Frankards, find the probability of

getting a blue or arithmetic card.

Solution:

To solve this problem, let A be the blue cards, and B

be the arithmetic cards. Then, Frankards will be uti-

lized, as shown in Figure 3.

As shown in Figure 3, getting a blue card and an
arithmetic card shows that the problem is a non-mutu-
ally exclusive event. It can be shown that one can draw a
blue arithmetic card from the deck. Hence, the equation
to be used is (2). Using (2), then,

Figure 3
lllustration for Example 2

n(A) = 28
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P(A or B) = P(A)+P(B) - P(ANB)

_28 36_18
P(AorB)—56+56 56

_46 . 23
P(A or B)= 56 O 53

Feedback from Students and Teachers

The use of Frankards in the classroom does not only
allow learners to understand the abstract concepts of
mathematics. It also engages students in class activities
through concrete manipulation (Fran, 2021). As men-
tioned by one of the students:

“Frankards inspired us, students, to love math and to
eradicate our math anxiety.”
- Student 1

When used in teaching manipulatives, Frankards also
changes the perspectives of the learners in studying
probability concepts. As noted by Student 2:

“Frankards really changed my point of view for cards
because who would have thought that playing cards can
be used as teaching materials.”

- Student 2

Teachers also found Frankards to be helpful to them
and, more importantly, to the students. As stated by one
of the teachers:

“Their [Frankards] use will be more interesting to the stu-
dents because they look more mathematical in form as the
suits that were used are addition, subtraction, multiplica-
tion, and division symbols.”

- Teacher 1

Generally, both teachers and students found Fran-
kards useful in teaching and learning probability.

Concluding Statements

As educators, it is imperative that we provide learners
with opportunities to allow learners to reach their full
potential. One way is by immersing them in activities
that utilize manipulatives. Frankards, as discussed in
this short report, showcased its potential to be an effec-
tive instructional manipulative in teaching probability
concepts and mastering numerical skills such as frac-
tions. Hence, it is suggested that Frankards be used as
instructional material to engage and motivate students
in learning probability and other related concepts such
as permutation and combination.

MANIPULATIVES IN A MATHEMATICS CLASSROOM: THE CASE OF FRANKARDS
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Introduction

Multiplication is relatively simple and is at the core of
solving counting exercises. The multiplication prin-
ciple (MP) specifies the conditions under which we
should use multiplication in combinatorics problems.
Yet counting exercises are notoriously difficult (e.g.,
Batanero et al., 1997; Hadar & Hadass, 1981). Given this
difficulty, we explore nuances of the MP for counting
that address students’ difficulties. This paper proposes
a problem-based curricular sequence to develop the MP
for counting, with a focus on problem-based learning in
combinatorics education.

Problem-based Learning and Combinatorics
Education

Problem-based learning (PBL) is a pedagogy that is
organized around problem-solving activities. PBL facil-
itates meaning-making, constructing, discovering, and
engaging with information with a structured sequence
of tasks (Rhem, 1998). Recent studies suggest that PBL
is an effective pedagogical approach to mathematics
education, increasing students’ interest and motivation
(Cerezo, 2004; Mahmood & Jacobo, 2019).

Research suggests that students hold misconceptions
about multiplication in combinatorics (Lockwood et al.,
2015). For this paper, we use Tucker’s (2012) definition
of the MP (italics added):

“The Multiplication Principle: Suppose a procedure

can be broken into m successive (ordered) stages, with

rq different outcomes in the first stage, r, different

outcomes in the second stage, ..., and ry,, different

outcomes in the mth stage. If the number of out-
comes at each stage is independent of the choices in
previous stages and if the composite outcomes are all
distinct, then the total procedure hasry x 7y x ... x 7y,
different composite outcomes” (p. 180).

This definition captures the conditions under which
multiplication can be used in counting. However,
research suggests that students grapple with significant
challenges in the context of counting problems (e.g.,
Lockwood & Purdy, 2019).

The following four collections of PBL exercises high-
light the subtleties of the MP in combinatorics by pro-
viding pedagogical scaffolds through the structure and
sequence of these exercises.

Collection 1

One way we can learn is through contrast, that is, under-
standing concept x by contrasting it with concept y.
Table 1 highlights the fundamental difference between
multiplication and addition through contrast of these
concepts, albeit in the same context of the exercises.

In order to solve Exercise 1, multiplication must be
used in a two-stage process. For example, we might first
pick a donut and then a coffee. The resulting breakfasts
are composite outcomes—i.e., (donut, coffee) pairs. For
each of the five types of donuts, we might choose any
of four flavors of coffee, giving us a total of 20 possible
breakfasts. In general, with d options for donuts and ¢
options for coffee, d*c (donut, coffee) pairs are possible.
Exercise 1 might be used to illustrate the process-orient-
ed approach to counting used by the MP, in which we
use ordered stages to perform a procedure that results
in composite outcomes.

A PROBLEM-BASED CURRICULUM TO DEVELOP THE MULTIPLICATION PRINCIPLE FOR COUNTING
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Table 1
Exercises 1-2

problems—a café, routes between
towns, and a class of students—

Exercise 1: At your local café are 5 types of donuts and 4 flavors of coffee. You decide to
order a breakfast consisting of a donut and a cup of coffee. How many different possible

breakfasts could you order?
Answer: 5¥4=20.

Exercise 2: At your local café are 5 types of donuts and 4 flavors of coffee. You decide to
order a breakfast consisting of exactly one item. How many different possible breakfasts

could you order?
Answer: 5+4=9.

that can be used to generalize
important facets of multiplication
in counting exercises.

Compared to Exercise 1, Exer-
cise 3 introduces a new stage to
the counting process: coffee with
or without cream. Thus, for each

Addition must be used to solve Exercise 2. In con-
trast to the breakfasts in Exercise 1, the breakfasts in
Exercise 2 are not the composite result of a two-stage
process but instead are selections from two disjoint
sets—breakfasts consisting of a donut and breakfasts
consisting of a coffee. Counting, however, still might
take place in two stages. First, we count the five donut
breakfasts, and then we count the four coffee breakfasts
for a total of 5+4=9 breakfasts. In general, with d options
for donuts and c options for coffee, d+c breakfasts are
possible. These problems highlight the counting prin-
ciples to distinguish multiplication from addition while
providing the same contextual elements.

Collection 2

A second way we learn is through generalization, a pro-
cess through which students experience sameness by
observing that a concept applies across a range of rele-
vantly similar instances. But this brings up the question
of how those instances are similar. Exercises 3-5 in Table
2 introduce several real-world scenarios for counting

Table 2
Exercises 3-5

of the 5*4 breakfasts in Exercise
1, you can now order your coffee
in one of two ways—with or without cream. This notion
that “for each outcome,” there are x more options is a
critical way to understand the MP. Breakfasts are now
(donut, coffee, cream) triples—the result of a three-stage
counting process that yields 5*4*2 composite outcomes.
Exercise 3 also introduces a dichotomous option (with
or without) that is often useful in counting.

Exercise 4 provides a new context but uses the MP
in much the same way as in Exercise 3. Like Exercise 3,
part (i) of Exercise 4 requires an approach to counting
that uses the MP with three successive ordered stages.
This time, though, we have three options in the first
stage, four in the second, and six in the third. Hence,
the solution is 3*4*6. Parts (ii) and (iii) extend the con-
text, adding even more stages to the process. Part (ii)
introduces a modality to the experience in which, for
each of the 3*4*6 total routes, you could travel in one
of three ways—driving, biking, or walking. In part (ii),
you cannot switch from one mode of transportation to
another—say, driving from town A to town B, biking
from town B to town C, and walking from town C to
town D. The travel modality
must remain consistent for the
entire journey. Each compos-

coffee. How many different possible breakfasts could you order?
Answer: 5*4%2.

are 4 roads, and between C and D are six roads, as shown below.

. . p £ ®
A 8 g -h o

(1) How many routes are there to get from A to D?
there to get from A to D?

are there to get from A to D?
Answers: (1) 3*4%6. (ii) 3*(3*4*6); (iii) (3*3)*(4*3)*(6*3).

medal. How many possible outcomes for the race are there?
Answer: 12*%11*10.

Exercise 3: At your local café are 5 types of donuts and 4 flavors of coffee. Coffee is served
either with cream or without. You decide to order a breakfast that consists of a donut and a

Exercise 4: Consider towns A, B, C, and D. Between A and B are 3 roads, between B and C

(ii) Suppose you are either going to drive, bike, or walk. How many different experiences are

(iii) Suppose on each road you could drive, bike, or walk. How many different experiences

Exercise 5: Suppose you have a class of 12 students. Those students are going to have a race,
with st place receiving a gold medal, 2nd place a silver medal, and 3rd place a bronze

ite outcome expands with the
modality option, and experi-
ences are now (road A, road
B, road C, mode) quadruples.
Unlike part (ii), part (iii) allows
you to switch from one mode
of transportation to another at
the towns. For example, if you
drive from town A to town B,
you can still either drive, bike,
or walk from town B to town
C. As a result, the distinct com-
posite outcomes change from
quadruples to sextuples: expe-
riences are (road A, mode A,
road B, mode B, road C, mode

LIOUBOV POGORELOVA, STEPHANIE SHEEHAN-BRAINE, ANTHONY JOHN, NICHOLAS H. WASSERMAN



C) sextuples. In all of these variants, the actual options
in each stage of the counting process are always the
same —meaning, no matter which road you take from
A to B, you have the same three modality options, and
there will be the same four possible roads from B to C.
Exercise 5 explicitly asks the solver to coordinate
students with medals and positions. That is, we can
consider a solution to be triples of the form (Gold Stu-
dent A, Silver Student B, Bronze Student C). In this way,

there are 12 possible options for the stage identifying
which student receives the (first) gold medal, and, sub-
sequently, 11 options for the second silver medal stage,
and finally, ten options for the third bronze medal,
leading to 12*11*10 possible outcomes. In contrast to
the previous exercises, the options in each stage change
depending on the choice(s) in the previous stage(s) (i.e.,
a student who receives the gold medal cannot also be
selected for the silver medal).

Table 3
Framework for the Critical Features of the Multiplication Principle

Concept Critical Feature Range of Permissible

Change

Multiplication Principle for Order

Counting

[We differentiate “outcome
vs. process” and “ordinal vs.
categorical”]
1. Ordinal outcomes
2. Ordered process and
categorical outcomes
3. Unordered outcomes

Independence [We differentiate “set vs.
cardinality” (i.e., A vs. |Al)]
1. Independent in set and
cardinality
2. Independent in
cardinality but not set
3. Not independent in

cardinality

Distinct Options Distinct options

. Non-distinct options
(1.e., at least two
options are of the

same type)

PN —

Distinct composite
outcomes

2. Non-distinct
composite outcomes

Distinct Composite Outcomes 1.

Table 4
Exercises 6-7

Exercise 6:

(1) Suppose you are given the letters ARC. How many different arrangements of all three
letters are possible?

(i1) Now, consider from a class of 12 students, there were 12*11*10 possible outcomes for
coming in Ist, 2nd, and 3rd place in a race. For each of these two problems, list 5 outcomes.
Then describe what it is that makes one outcome different from another one.

Answers: (i) 5 outcomes: ARC, ACR, CRA, CAR, RCA. (ii) 5 outcomes: If we label the
students A, B, C, ..., L, then: ACD, ADC, LAC, KBL, CDE.

Exercise 7: Suppose you have a class of 12 students.

(1) The class is now going to select a committee of 3 students to be representatives at a larger
gathering. How many possible committees of students from the class are there?

(i1) The class is going to select a committee of 3 students to be representatives at a larger
gathering. On the committee, there is a President, VP, and Treasurer. How many possible
committees of students from the class are there?

Answers: (1) Not 12*11*10. [Answer is 12*11*10/6.] (i) 12*¥11*10.

Collection 3

Table 3 highlights four nuances
(i.e., critical features) of the MP
that correspond to the italicized
parts of the definition of the MP
mentioned previously: order,
independence, distinct options,
and distinct composite outcomes.
The range of possible values
for each critical feature is also
provided. Each critical feature
is accentuated by varying that
feature, while keeping the other
features invariant.

Order

Although multiplication is com-
mutative, the MP suggests that
we adopt an explicit order to the
stages in the counting process
before we use multiplication
(Lockwood et al., 2017; Lock-
wood & Purdy, 2019). Exercises
6-7 (Table 4) highlight the dif-
ferent ways in which order may
appear in counting problems
and address the range of per-
missible change as it relates to
order in the MP.

Exercise 6 introduces arrange-
ments. Critical in parts (i) and
(ii) is the arrangement of the
outcomes themselves (i.e., each
letter in the arrangement has
an ordinal position). Order also
occurs in general, with each ele-
ment having an ordinal position.
For example, we can compare
parts (i) and (ii) on the order
dimension. ARC is different from
CAR, even with the same letters,
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because the letters are in a different order. Thus, it is not
just the subset of letters included but their different orders
that the MP enumerates. Use of the MP links to order and
includes, as illustrations, exercises having ordinal out-
comes—first position, second position, and so forth.

Exercise 7 considers ranges of permissible change of
order in the MP. Like part (ii) of Exercise 6, part (i) of
Exercise 7 provides a context of a class of 12 students,
but the ordered first, second, and third places from the
prior exercise have changed to a 3-person committee in
which order is irrelevant. The goal is to help students
recognize that 12*11*10 is not the correct solution—
because the use of the MP would include all possible
orderings. For example, in part (ii) of Exercise 6, ACD
was different from DAC, because in the former, A wins
the gold, while in the latter, D wins the gold. In contrast,
in part (i) of Exercise 7, we could imagine forming a
committee in which ACD is identical to DAC, because
they are comprised of the same students. For present
purposes, students need not know the correct solu-
tion—i.e., (12*11*10)/6. The point is to help students
identify order as a critical feature of the use of multipli-
cation in counting.

Table 5
Exercises 8-10

Part (ii) of Exercise 7 asks students to form a commit-
tee of three people whose roles are not inherently ordi-
nal and thus differ from the roles in part (ii) of Exercise
6, which are ordinal. Nonetheless, by using an ordered
process in selecting the candidates, first for the Treasur-
er, then the Vice President, and finally the President,
the MP treats the (Treasurer, Vice President, President)
triples as though they were ordered. That is, we would
interpret any of the 12*11*10 triples as ordered: the first
selected student is the Treasurer, and so on. Because we
draw from the same set of 12 students, the triples (A, B,
C) and (C, B, A) would both be included in the 12*11*10
solutions, and would represent different solutions, since
in the former, A is the Treasurer, while in the latter, C
is the Treasurer. By varying the type of outcomes, this
exercise highlights the way in which ordered processes
can coincide with outcomes.

Independence
Independence—i.e., the concept that the number of
options at each stage of a counting process must be inde-
pendent of each other—is a critical feature of the MP.
Exercises 8-10 in Table 5 highlight the different ways
in which independence may
inspire the use of the MP.
In Exercise 8, the options

get from A to D.
outcomes for routes between A and D.
took between A and B.

depends on the road you took between A and B.

. . P C—
A B ¢ °

Exercise 9: Each of the following problems has 5*%4 as its answer.

possible rearrangements of two of the five letters are possible.

you order?

common between the two problems?

A,R,H; ifH, then M, A, R, C. (i) C1, C2, C3, C4.

Exercise 8: Consider the solution to a previous exercise: There were 3*¥4*6 different routes to
(1) If we label each of the thirteen roads with a unique name (e.g., Abrams Street), give 5
(ii) Describe whether or not your choice for the road between B and C depends on the road you

(ii1) Describe whether or not the number of choices you have for roads between B and C

Answer: (1) Call the streets A, B, C, ..., M. Choose from A,B,C first, then D.E.F,G second,
then H,I,JK.L.M last. So: AFM, BEL, BFJ, CDI, CGM. (ii) The choice of D.E.F.G did not
depend on the choice for A,B,C. (iii) The number of choices was always 4.

(1) Suppose you are given the letters MARCH. Ana is trying to count how many different

(ii) At your local café are 5 types of donuts and 4 flavors of coffee. Suppose you order a
breakfast that consists of a donut and a coffee. How many different possible breakfasts could

This means for each of the 5 initial options, there are 4 remaining options. List out the 4
remaining options for each problem. How are those lists different? What do you observe is

Answers: (1) If M, then A, R, C, H; if A, then M, R, C, H; if R, then M, A, C, H; if C, then M,

are independent in both set and
cardinality—i.e., to get from B
to C, students always choose
from the same set of roads, and
they always choose from the
same number of roads. After
listing five outcomes in part (i),
students determine in part (ii)
whether their choice of road
between B and C depends on
the road they take between A
and B. Using the diagram as
a tool, they should recognize
that no matter the road they
take between A and B, they will
always have to choose one of the
four roads joining B to C—the
set of choices they have is inde-
pendent of any choice of road
from A to B. As for part (iii),

Exercise 10: At your local café are 5 types of donuts and 4 flavors of coffee. Suppose that the
café is down to 20 donuts (2 glazed donuts; 4 sprinkled; 1 jelly; 8 cake: and 5 twists), and that
you are ordering three donuts, one for Sam, Jenny, and Walter. How many different possible
breakfasts for those three friends could you order? Explain why the solution 5*5*5 is incorrect.
Answer: With a limited supply, independence of cardinality does not work (if you choose
Glaze, Glaze, then there are no more Glazed donuts and so only 4 options for the third (not 5)).
[Actual answeris 111.]

since the set is the same, its car-
dinality is too: there are always
the same four choices.

Exercise 9 demonstrates a
situation that is independent in

LIOUBOV POGORELOVA, STEPHANIE SHEEHAN-BRAINE, ANTHONY JOHN, NICHOLAS H. WASSERMAN



cardinality but not in set. Scenario (b) is analogous to
Exercise 1: If the four coffee flavors are {Regular, Vanilla,
Hazelnut, Pecan}, then one is always choosing from those
same four options, regardless of which donut is selected.
Scenario (a), however, is different. If the letter M is first,
then the four options for the second letter are {A, R, C,
H}, but if the letter A is first, then the four options for the
second letter are {M, R, C, H}, and so on. Here, the set of
options for the second letter is dependent on the choice for
the first letter. What is common in scenarios (a) and (b)
is that there are always four options —even though they
may not be the same four options. Thus, independence of
the cardinality of the options may come either with the
options themselves being independent, as in scenario
(b), or with the options changing but always retaining
the same quantity, as in scenario (a).

Exercise 10 involves a limited number of each type of
donut. Many students may mistake 5*5*5 for the correct
solution. The crux of the matter is, however, that the
cardinality of options is not independent of prior choic-
es. For example, if you order Sam a glazed and Jenny a
glazed, then the café would run out of glazed donuts,
and only four donut options would remain for Walter.
But if you order Sam a glazed and Jenny a sprinkled,
then five donut options would remain for Walter. The
number of options changes depending on what happens
in prior stages, and we cannot use the MP in this way.

Table 6
Exercises 11-12

Distinct Options

Distinct options are a third critical feature of the MP.
Options are distinct when they are distinguishable at
each stage of the process. Exercises 11-12 in Table 6
highlight how distinct and non-distinct options influ-
ence the application of the MP.

Exercise 11 highlights distinct and non-distinct
options using the letters MASS. In part (i), the proposed
solution is not correct because MASS does not contain
four distinct letters due to the repetition of the letter S.
However, in part (ii), the suggested solution would be
appropriate for the letters MAS1S2, because the sub-
scripts provide distinct options. Only when the options
at each stage are distinct can we use the MP to count.

In Exercise 12, while the café has 20 donuts, the two
glazed donuts are the same, the four sprinkled donuts
are the same, and so on. For example, suppose we
number the sprinkled donuts D3, D4, D5, D6. Then the
20*19*18 solutions would include (D3, D4, D5), (D5, D4,
D3), and so forth, which are really all orne solution: Sam,
Jenny, and Walter each get a sprinkled donut. By using
a familiar context and keeping all other critical features
the same, one can distinguish a situation that contains
non-distinct options from a situation that contains dis-
tinct options.

Distinct Composite Outcomes
The final critical feature of the
MP is distinct composite out-
comes. Here, we consider the

(1) Explain whether the solution 4*3*2*1 is correct or not.
rearrangements of the letters MAS,S>?

“distinct” options.

Exercise 11: Determine the number of different rearrangements of the four letters of MASS.
(i) If we differentiated the S’s as S1 and S2, would 4*3*2*1 count the number of

Answer: (1) Not correct. There are not 4 “distinct” options. (ii) Yes, correct. There are now 4

distinctness not just of the
options at each stage in the pro-
cess, but also of the composite
outcomes resulting from com-
pleting all stages of the process.
From a set-theoretic perspective,

Exercise 12: At your local café are 5 types of donuts and 4 flavors of coffee. Suppose they are
down to 20 donuts (2 glazed donuts, 4 sprinkled, 1 jelly, 8 cake, and 5 twists), and that you are
ordering three donuts, one for Sam, Jenny, and Walter. How many different possible breakfasts
for those three friends could you order? Explain why the solution 20*¥19*18 is incorrect.
Answer: 20%19*18 is not correct because the options are not distinct—there are not 20
different donuts—the 2 “glazed” donuts are the same. [Actual answer is 111.]

Table 7
Exercises 13-14

Exercise 13: At your local café are 5 types of donuts and 4 flavors of coffee. You are ordering
three donuts, one for Sam, one for Jenny, and one for Walter. How many different possible
breakfasts for these three people could you order?

Answer: 5*5*5.

Exercise 14: Suppose you have a class of 12 students, 8 of whom are American, 2 European,
and 2 Asian. The class is going to select a committee of 3 students to be representatives at a
larger gathering, with at least 1 Asian and 1 European student on the committee. How many
possible committees of students from the class are there?

Answer: 1¥2 + 1¥2 + 2%2%]2.

this represents whether a one-
to-one correspondence exists
between the counting process
and a set of outcomes represent-
ing the solution. See Table 7.
Exercise 13 illustrates the
notion of distinct composite
outcomes. Even though the
donut options are the same for
each person, when we consider
the composite outcomes, they
are distinct. A three-stage pro-
cess would be to pick a donut
for Sam, then Jenny, then Wal-
ter, resulting in (Sam’s donut,
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Jenny’s donut, Walter’s donut) triples. The solution 5*5*5
gives five distinct options for each of the three stages
(i.e., the three people). So, a composite outcome might be
(glazed, sprinkled, glazed). This is different from anoth-
er of the composite outcomes (sprinkled, glazed, glazed)
because Sam is getting the sprinkled donut instead of
Jenny. Thus, the composite outcomes are all distinct
from each other.

In Exercise 14, composite outcomes are not all dis-
tinct. A seemingly reasonable process would be first
to select one of the two Asians to be on the committee,
then select one of the two Europeans, and then select
one of the ten remaining students (from one Asian, one
European, and eight Americans). This process produc-
es a solution of 2*2*10 = 2*2*(1+1+8), which results in
overcounting the outcomes because a one-to-one corre-
spondence does not exist between the counting process
and the number of outcomes. That is, the composite
outcomes are not all distinct. For example, this process
would yield both (Asian 1, European 1, Asian 2) and
(Asian 2, European 1, Asian 1). However, these compos-
ite outcomes are the same committee. When the ordered
process produces the same solution in more than one
way, we cannot use the MP to enumerate the solutions
because the composite outcomes would not all be dis-
tinct. That is not to say the exercise is unsolvable. Break-
ing the exercise into three distinct cases, we can use the
MP in each of those three cases to obtain a correct count.
There are 1*2 committees with two Asian students and
1 European student, 1*2 committees with two Europe-
an students and 1 Asian student, and 2*2*8 committees
with one student of each nationality.

Table 8
Exercises 15-17

Collection 4

The last collection of exercises highlights the interre-
latedness of the four critical features. Exercises 15-17
in Table 8 illustrate how those critical features work
together to build a deeper understanding of the MP for
counting. We comment on Exercise 15 but leave Exercis-
es 16 and 17 for the reader to contemplate.

The three parts in Exercise 15 draw out three criti-
cal features of the MP: independence, order, and dis-
tinct composite outcomes. The solution in part (i), 5*4*3
presupposes that you cannot choose two of the same
type of donut, and hence that the number of available
options at later stages is dependent on the number of
available options at earlier stages. The exercise, howev-
er, explicitly allows you to order as many of one type
of donut as you like. The solutions in parts (i) and (ii)
presuppose order and distinct composite outcomes.
For example, the 5*5*5 solution in part (ii), which may
tempt some students, would generate (glazed, glazed,
sprinkled) and (glazed, sprinkled, glazed) as distinct
composite outcomes because their order is different.
However, they are not different breakfasts. Similarly,
the 5*4*3 solution in part (i) would generate, for exam-
ple, (glazed, sprinkled, jelly) and (glazed, jelly, sprin-
kled) as distinct composite outcomes when, in fact,
they are the same breakfast. Thus, the critical features
of order and distinct composite outcomes in the MP
are sometimes linked. The correct solution in part (iii)
requires dividing the exercise into three cases, based on
independence—when we have a) three donuts of the
same type, b) two donuts of the same type, and c) three
different types of donuts. If we have three donuts of
the same type, then once we select the first donut—in

one of five ways—there is only
one option for the remaining
donuts. If we have two donuts
of the same type, then once we

Answer: (iil) (5*¥4*3)/6 + 5*4 + 5.

students from the class are there?
Answer: 2¥2%2%  *¥2 =272,

Answer: (1) 10%9%8%7. (ii) 8*8*7*4 + 9*8*T+]

Exercise 15: At your local café are 5 types of donuts and 4 flavors of coffee. You decide to
order a breakfast consisting of three donuts, and you can order as many of one type of donut as
you like. How many different possible breakfasts could you order? (i) Explain why 5*4*3 is an
incorrect answer. (i) Explain why 5*5*5 is an incorrect answer. (iii) Find the correct answer.

Exercise 16: Suppose you have a class of 12 students. The class is going to select a committee
consisting of some number of students to be representatives at a larger gathering. The
committee could have 0, 1, 2, 3, ... up to 12 students on it. How many possible committees of

Exercise 17: Suppose you are given the letters AEIOUJKLMN. (i) How many different
arrangements of 4 of the ten letters are possible? (ii) How many different arrangements of 4 of
the ten letters are there that do not begin with A and that end with a vowel?

select those two donuts—also
in one of five ways—there are
four options for the remaining
donut. After multiplying 5*4*3
for the third option, division by
6 is needed to ensure that only
one of the six possible orderings
is being counted. Thus, the cases
themselves are constructed to
help navigate the issue of the
number of outcomes being inde-

pendent of previous choices so

that the MP can be used within
each of the three cases.
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Discussion and Conclusion

This problem-based curriculum was designed as an
instructional sequence to develop the MP. More broad-
ly, this sequence of exercises is aligned with variation
theory (e.g., Marton, Runesson, & Tsui, 2004). Variation
theory describes learning as a process of considering
variation against a backdrop of invariance. Specifical-
ly, variation theory has four stages: (1) contrast, (2)
generalization, (3) separation, and (4) fusion (Marton,
Runesson, & Tsui, 2004). The theory suggests that learn-
ing a new concept, such as the MP, should begin with
contrast, move to generalization, on to separation, and
lastly, fusion. The collection of problems presented in
this paper aligns with these four stages (i.e., Collection 1
aligns with contrast, Collection 2 aligns with generaliza-
tion across different contexts, Collection 3 aligns with
separation when critical features vary, and Collection 4
fuses those critical features).

The exercises are engineered for a PBL setting.
Instructors would assume the role of facilitator as stu-
dents work independently and collaboratively to con-
struct their own knowledge rather than listening to a
traditional lecture (Torp & Sage, 2002). Furthermore,
the exercises are meant to set up an explicit, full-class
discussion through student presentations and discus-
sion of solutions. This approach will collectively surface
the conceptual conclusions about the MP—e.g., using
students’ solutions to the exercises to elicit the critical
features, their subtleties, and their importance for rec-
ognizing when and how to apply the MP while solving
counting exercises.
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